
Introduction to Space Weather
COLLAGE Program
Spring 2023
Wednesday 1:00—2:00 
Aerospace N250

Lecture 5
Space weather forecasting – how, and how well, 
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1. What is a Forecast?
• Forecasts vs. Simulations
• Quantifying space weather events & impacts
• The ART of forecasting

2. What is a Nowcast?

3. Products: Watches, Warnings, and Alerts

4. Operational space weather capabilities in the US (civil only)

5. How well can we forecast space weather?
• Probabilistic vs. binary classification forecasts
• Solar eruption forecasting skill
• CME arrival time forecasting skill
• Geomagnetic storm forecasting skill 

• Future developments

COLLAGE, Spring 2023 Forecasting the space environment



What is a Forecast?
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• A well-characterized, consistent (i.e., reliable), quantitative, thoroughly tested, estimate of future conditions 
that is used to make valuable (i.e., actionable) decisions. 

• Contrast to Simulation: usually a large physics-based numerical model output whose primary use is as a 
representation of a complex system for the purpose of research.

An Operational Forecast is produced with models and/or observations that:

1. Have undergone documented statistical Validation & Verification (“V&V”), i.e., tested over 
many “re-forecast” runs on historical events before being used in operations. 

2. Are available continuously (“24/7/365”) and with fail-safe backup capabilities.
3. Have associated products with standardized formats and distribution channels.  
4. Are processed, checked, and disseminated by trained specialists who are often not scientists. 
5. Are continuously monitored for performance relative to established metrics. “How well has this 

forecast been doing (e.g., in terms of prediction of onset time) over the past N geomagnetic 
storms?”

6. Are used by people who make critical decisions. 
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What is a “forecast”? 
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Quantification of Space Weather Events
1. Solar Flares

Based on GOES XRS X-ray irradiance measurements.
Impacted end users:  
• Over-the-horizon (OTH) radio and radar operations  (Airlines, shipping, search & rescue, national security)
• GPS
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Aside: solar flare classification

Flares are quantified
by peak intensity 
measured in NOAA 
GOES X-ray 1.0—8.0 
Å full Sun irradiance 
(red curve).
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Quantification of Space Weather Events
2. Solar Energetic Particle (SEP) events. “Radiation Storm”, “Solar Proton Event”

Based on GOES SEISS proton 
flux measurements.

Impacted end users:  
• Airlines
• Satellite operations
• Astronaut operations
• Polar radio, radar, and GPS 

(Polar Cap Absorption)
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Based on Kp:
a 3-hour average of 
measurements from 
magnetometer stations between 
44—60 degrees representing 
“planetary” magnitude of 
magnetic variation.

This is a logarithmic index 
scale, not a quantitative scalar 
measure of intensity.

Quantification of Space Weather Events
3. Geomagnetic Storms
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Problem: Kp and G-scale saturate at 9 and 5

Classification NOAA G-
scale Kp Threshold Ap Threshold Dst 

Minimum, nT

Minor G1 5 40 < -30 

Moderate G2 6 65 < -60

Strong G3 7 110 < -100

Severe G4 8 to 9- 180 <-200

Extreme G5 9 to 9+ 400 < -300

• Historical storms have saturated at Kp = 9+ and demonstrated the need to have an unbounded measure  
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Solution: Disturbance Storm Time (Dst) “index”
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Dst
• Derived from average decrease of H component at 4 “equatorial” stations

• Units of nT: a scalar quantity – not an index scale like Kp.
• A proxy for Ring Current intensity.
• Cadence = 1 hour.
• Definitive data: http://wdc.kugi.kyoto-u.ac.jp/dstdir/

March 1989 Superstorm: Kp = 9+
= -589 nT

https://wdc.kugi.kyoto-u.ac.jp/dst_final/198903/index.html

COLLAGE, Spring 2023 Forecasting the space environment

http://wdc.kugi.kyoto-u.ac.jp/dstdir/


Solution: Dst allows classification of “SuperStorms”

Classification NOAA G-
scale Kp Threshold Ap Threshold Dst 

Minimum, nT

Minor G1 5 40 < -30 

Moderate G2 6 65 < -60

Strong G3 7 110 < -100

Severe G4 8 to 9- 180 <-200

Extreme G5 9 to 9+ 400 < -300

SuperStorm Above scale Above scale Above scale < -500

• Unlimited range to Dst values

Suggested classification based on Dst Index
Follows NOAA terminology up to “extreme” class and extends it to “SuperStorm” class following Lakhina & Tsurutani (2016).
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The ART of Forecasting

To be useful to anyone, a forecast must be 

Accurate / Actionable

Definition depends on application but is generally based on

Time - “how close can you get on arrival time?”

Magnitude - “how strong will it be?”

Reliable / Relevant

Definition depends on application but is generally based on consistency over time and low False Alarm Rate.

Can systems operators take actions based on well-tested justifications of performance?

Timely

Definition is generally independent of application and is based on time to deliver forecast relative to time to 
impact.

Usually this is “As soon as possible” - ASAP.

“Forecasting is a necessary but not sufficient condition for success.”
Sir Mark Walport, UK Chief Science Advisor

“There is no value in a forecast. There is only value in how a forecast is used.”
Tim Palmer, Royal Society Research Professor, Oxford
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Contrast: What is a Nowcast?
Nowcast = specification of current conditions relevant to a particular operation or event.

Examples:  
• 10 MeV proton flux at GEO during a Solar Energetic Particle event.
• 1—8 Å X-ray irradiance during a solar flare event.
• Rate of change of TEC index over a geographical location.
• “Real-time” Kp index calculated from a magnetometer network.

Requirement:  Low-latency observations.  Latency requirements vary by mission but are typically on the 
order of seconds or minutes. 

Example:  GOES XRS (X-ray irradiance) and SEISS (proton flux) latency = 3 seconds from 
ground-station downlink to NOAA/SWPC forecast office. 

Related:  All Clear announcement = official statement of event termination and return of safe conditions.

Does not currently exist in operational civil space weather forecasting.  Liability is the issue. 

However, DOD and NASA are pursuing this capability. 
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The Value of Nowcasting

23 May 1967 Solar Radio Flare
Signal was originally interpreted as Russian 

jamming prior to a nuclear attack
Knipp et al., 2016

Ballistic Missile Early Warning System (BMEWS)
Over-the-Horizon radar in Alaska

Sun was low in the Eastern sky at time of flare

• A solar radio burst nearly caused WWIII
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Products: Watches, Warnings, and Alerts
Watch: “Something has been detected and may or may not cause an event.”

Generally issued on the basis of an observation that is consistently known to cause events, e.g., a CME leaving the 
Sun in the direction of Earth, or a large coronal hole rotating into the Sun-Earth line.

Note that a Watch is not a definitive prediction of occurrence - it is only stating a possibility of occurrence. Threshold 
for issuance is subjective, e.g., forecaster judges CME is Earth-directed from preliminary observations.

Warning: “Something has been detected or predicted and will very likely cause an event.”

Generally issued on the detection of an event at an upstream location, e.g., the detection of a shock wave at the L1 
Lagrangian point. 

A Warning usually comes with a forecasted magnitude, e.g., ”G3 Warning”, but is often updated as 
conditions/measurements change. 

Alert: “An event is in progress.”

Based on measured levels of activity at the location of interest, e.g., ground-based magnetometers on Earth. 

An alert is the initial/provisional statement of the timing and magnitude of an event. May be refined after the fact. 
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Current SWx Watch, Warning, and Alert Capability
• Obvious lack of solar magnetic eruption forecast capability

Event Watch Warning Alert

Eruption (“flare”) *1

Radiation Storm *2 *3

Geomagnetic Storm *4 *5 *6

1. Issued when GOES/XRS X-ray intensity crosses 5x10-5 W/m2 = M5.0 = R2 on SWPC scale.
2. Issued depending on flare location and magnitude – up to 15—30 minutes 
3. Issued on crossing 10 particles cm-2 s-1 sr-1 for 10 MeV protons = S1 on SWPC scale. 
4. Based on analysis of coronagraph imagery and WSA/Enlil model runs to determine if CME will hit 

Earth.
5. Issued once CME is detected by instruments at L1 Lagrangian point, 1.5x106 km upstream of 

Earth. Typically gives 30—45 minutes warning before impact. 
6. Issued once geomagnetic disturbance is detected in ground-based magnetometer networks.
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Current SWx Watch, Warning, and Alert Capability
• Obvious lack of solar magnetic eruption forecast capability

Redmon et al., 2018

COLLAGE, Spring 2023 Forecasting the space environment 17



Solar Magnetic Eruptions: Earthquake or Volcano?
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Solar Magnetic Eruptions: Earthquake or Volcano?

No
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SWx Forecasting Information flow

Observations

Models*

Products**

Impact-based 
decision tools

Forecast & Nowcast process

Customers

* Complex, multi-input, empirical or physics-based environment models.
** Watches, Warnings, Alerts, nowcasting products like real-time solar radio spectrum, etc.
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NOAA SWx Operational Observations

Not to scale!

Energetic Particles

Geospace
Magnetic Field

Solar Xray/EUV Irradiance
Solar EUV Imaging

Solar wind v, r, T
Interplanetary magnetic field

POES

JPSSUSAF Not Shown: 
• TSIS on ISS
• COSMIC 
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NASA SWx Measurements in the Heliosphere

Not to scale!

L1 Lagrangian Point

Used in operational forecasting.

SOHO:  (L1 orbit)
• LASCO C2 & C3 

coronagraphs

ACE:  (L1 orbit)
• backup solar wind and 

magnetic field data to 
NOAA/ DSCOVR satellite

SDO:  (GEO orbit)
• HMI photospheric magnetic 

field and continuum movies
• AIA chromospheric and 

coronal movies

STEREO-A: (Helio orbit)
• COR-1 & 2 coronagraphs
• Energetic particle data
• Magnetic field
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Civil Space Weather Measurements on the Ground

NSF GONG Network
Solar Magnetogram and H𝜶 Images

USGS Magnetometer Network
Geomagnetic Data 

USCG CORS Network
Ionospheric TEC Data

Neutron Monitor Network
Ground-level Radiation Event Detection

IGS RTIG Network
Ionospheric TEC Data
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Operational Space Weather Observations: what’s missing?

Solar Polar Monitors
Accurate coronal magnetic field models

CMEs at all ecliptic angles (Earth, Mars, etc.)
Long-term Helioseismology: solar cycle

Thermospheric Sentinels
Real-time density & composition.
Storm-time IR cooling response.
Data assimilative forecast model 

inputs.

Radiation Belt Monitors
Real-time radiation belt monitoring 

from Geo-Transfer Orbit (GTO)
Storm-time response for satellite ops

Data assimilative forecast model inputs

Real-time Auroral Imaging
Ovation model has no sub-storm structure. 

More detailed monitoring for
polar GNSS, communications, and Auroral Tourism

Also: 
• Operational space-based solar magnetographs
• Off Sun-Earth Line (SEL) observations such as L4 or L5 Lagrangian point stations

COLLAGE, Spring 2023 Forecasting the space environment 24



Aside: Off Sun-Earth line observations: Lagrangian points, etc. 
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By Lagrange_points.jpg: created by NASAderivative work: Xander89 
(talk) - Lagrange_points.jpg, CC BY 3.0, 
https://commons.wikimedia.org/w/index.php?curid=7547312

60°

L1  
• ESA/NASA SOHO (coronagraph)
• NASA ACE (solar wind)
• NOAA DSCOVR (solar wind)
• NASA IMAP (solar wind, 2025)

L2
• JWST

L5
• ESA Virgil (2030)

Orbital mechanics fun:  you can park a S/C anywhere at 1 AU 
(i.e., you don’t need to orbit only at L4 or L5) 

What about STEREO?

STEREO orbit relative to Earth ~18 years 
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NOAA Operational Forecasting Models

Adapted from E. Talaat, 
NAS SWx Infrastructure 
Workshop I, 16-June-2020 

Ionosphere
DRAP
Operational c. 2000
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Missing Operational Space Weather Models/Products

Radiation Belt Forecasting Model
Energetic particle flux at any orbit of interest

VERB model, courtesy A. Kellerman (UCLA) 

ALSO
• Data assimilation into full-physics 

operational forecasting models

• Ensemble forecasting systems

Solar Eruption Forecasting Model

SEP Event Forecasting Model

Whole Atmosphere + Satellite Drag 
Model

Geomagnetic storm satellite positioning 
prediction
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Operational Solar Wind & CME Arrival Products
• Timing of products in relation to observations.

2. Geomagnetic Storm Warning
Issued upon detection at DSCOVR or ACE 
spacecraft at the L1 Lagrange point. 
• 15-60 minutes before impacting Earth

1. Geomagnetic Storm Watch 
Issued upon coronagraph detection of Earth-directed 
CME and WSA-Enlil model run.
• 15 – 60 hours before impacting Earth (if at all)

3. Geomagnetic Storm Alert 
Issued when geomagnetic storm is detected on 
USGS ground-based magnetometers
• Current condition 

COLLAGE, Spring 2023 Forecasting the space environment 28



NOAA Forecasts and Reports
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• Best Summary Product: Report and Forecast of Solar and Geophysical Activity

https://www.swpc.noaa.gov/products-and-data
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Official NOAA Space Weather Forecasts & Reports
• Report and Forecast of Solar and Geophysical Activity: 30 Aug 2021

:Product: 0830RSGA.txt
:Issued: 2021 Aug 30 2200 UTC
# Prepared jointly by the U.S. Dept. of Commerce, NOAA,
# Space Weather Prediction Center and the U.S. Air Force.
#
Joint USAF/NOAA Solar Geophysical Activity Report and Forecast
SDF Number 242 Issued at 2200Z on 30 Aug 2021

IA.  Analysis of Solar Active Regions and Activity from 29/2100Z to
30/2100Z: Solar activity has been at low levels for the past 24 hours.
The largest solar event of the period was a C1 event observed at
30/0154Z from Region 2860 (S29W36). There are currently 2 numbered
sunspot regions on the disk.

IB.  Solar Activity Forecast: Solar activity is likely to be low with a
chance for M-class flares on day one (31 Aug) and likely to be low with
a slight chance for an M-class flare on day two (01 Sep) and expected to
be very low with a chance for a C-class flares and a slight chance for
an M-class flare on day three (02 Sep).

AR numbers have 10,000 subtracted
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IIA.  Geophysical Activity Summary 29/2100Z to 30/2100Z: The geomagnetic
field has been at quiet to unsettled levels for the past 24 hours. Solar
wind speed reached a peak of 438 km/s at 30/0000Z. Total IMF reached 9
nT at 29/2110Z. The maximum southward component of Bz reached -4 nT at
29/2127Z.  Electrons greater than 2 MeV at geosynchronous orbit reached
a peak level of 4481 pfu.

IIB.  Geophysical Activity Forecast: The geomagnetic field is expected
to be at quiet to unsettled levels on day one (31 Aug), quiet to minor
storm levels on day two (01 Sep) and unsettled to major storm levels on
day three (02 Sep).

Official NOAA Space Weather Forecasts & Reports
• Report and Forecast of Solar and Geophysical Activity: 30 Aug 2021 (cont.)
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III.  Event probabilities 31 Aug-02 Sep
Class M    30/20/10
Class X    05/01/01
Proton     05/05/05
PCAF       green

IV.  Penticton 10.7 cm Flux
Observed           30 Aug 091
Predicted   31 Aug-02 Sep 090/090/090
90 Day Mean        30 Aug 079

V.  Geomagnetic A Indices
Observed Afr/Ap 29 Aug  009/009
Estimated Afr/Ap 30 Aug  011/015
Predicted Afr/Ap 31 Aug-02 Sep  007/008-016/018-023/030

VI.  Geomagnetic Activity Probabilities 31 Aug-02 Sep
A.  Middle Latitudes
Active                20/40/35
Minor Storm           05/25/30
Major-severe storm    01/05/10

B.  High Latitudes
Active                15/10/10
Minor Storm           30/25/25
Major-severe storm    30/65/65

PCAF = Polar Cap Absorption Forecast.  Stoplight quantification:  Red = bad, Yellow = not so bad, Green = no issue.

Official NOAA Space Weather Forecasts & Reports
• Report and Forecast of Solar and Geophysical Activity: 30 Aug 2021 (cont.)
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Forecast Evaluation
• How do you judge a forecast?
• How well do current space weather forecasts perform?

Two main types of forecasts in space weather:

1. Event-based: “binary classification” – will something happen or won’t it?

2. Probabilistic: what is the probability that some event will happen?

Which is more actionable and reliable?   What does your weather app give you?
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Forecast Evaluation: binary classification
• Contingency Table

Woodcock, 1976
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Forecast Evaluation Metrics
• Some of the many binary classification Skill Scores

For any Skill Score, the final measure of Skill  = 
SSforecast - SSreference

SSPerfect - SSreference

SSreference = Score from Reference forecast 

SSPerfect = Perfect value for given SS

N here is total number of events: N = TP+TN+FP+FN
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Forecast Evaluation Metrics
• Common Reference Forecasts against which other methods are compared
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Current Operational Flare Forecasting Process (in US)

GONG

SDO/HMI

Input data

Continuum &
Magnetogram

Images

McIntosh
and/or Mt. Wilson 

Classification

AR Classification System

McIntosh, SolPhys, 125, 251, 1990

• Climatology look-up table: Pf for given class
• Growth/decay in spot & total AR area
• Flaring History
• Forecaster expertise

Analysis

Human Forecaster
Processes 

McIntosh, SolPhys, 125, 251, 1990 e.g., Giovanelli, ApJ, 89, 555, 1939

Output

Pf (n)

n = 24, 48, 72 hours

Probability of
X-ray flare of

magnitude C,M,X 

• Human-in-the-loop forecasting is the current state-of-the-art.
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From probabilities to language: likely?
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From the RFSGA:

III. Event probabilities 15 Feb-17 Feb 

Class M 55/50/50
Class X 10/10/10 
Proton 10/01/01 
PCAF green

Apparently, ”likely” ≥ 50% prob.
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Flare Forecasting: stuck in neutral

Leka et al., ApJSS (2019)

High Accuracy!

(because
TN ~ N >> TP)

Huge False Alarm Rate

Accuracy True Skill 
Statistic

• Comparison study on binary event classification – easier than doing probabilistic validation.
• Will there be an M1 or greater flare in the next 24 hours?
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Operational Solar Wind & CME Arrival Forecasting
• Primary geomagnetic Storm forecast process. Generates 3-day forecast and watch product. 

t = 0

t = 4 minutes Also results in update to 
3-day Kp forecast.

STEREO-A LASCO STEREO-B
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CME arrival time forecasting

43

• Note: binary event forecast.   Will the CME hit Earth at time t ?

Riley et al., 2018

±17 hrs: not a reliable forecast

Aug 4, 1972 CME arrived in 14 hours
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Forecast Evaluation: NOAA Geomagnetic Storm Forecasting

Geomagnetic Storm Forecast Accuracy: 
• Percentage of times that the 24-hour geomagnetic storm forecast is 

correct for the 60 most recent geomagnetic storms.

Definition of a “Hit” for geomagnetic storm forecasting:
• G1 or greater was forecast and G1 or greater occurred. i.e., they are 

not accounting for the magnitude of the storm.  Essentially a binary 
“storm/no-storm” forecast. 

TSS = POD - FAR = 0.42 - 0.09 = 0.33

Note imbalance 
in events: many 
more negatives 
than positives. 

P = 33
N = 492

This is typical of 
many space 
weather 
phenomena

Just guess “No” every time when 
positives are rare and you can 
achieve high accuracy. But is 
that useful?

• Binary classification: G1 or greater geomagnetic storm or no storm.
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Aclimatology =
FN+ TN

N
= 0.95
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Future developments

45

Machine learning (data-driven) models:  50,000 times faster than physics-based numerical simulation models.

Equally skillful?

global near-surface wind forecast generated by FourCastNet over the 
entire globe at a resolution of 0.25° compared to the ECMWF NWP model 
(labeled as “Truth”). 
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Questions? Comments?
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Homework:
1. Show that the True Skill Statistic (TSS) is equal to the difference between the Probability of 

Detection (POD) and the False Alarm Rate (FAR).

2. Monitor the SWPC website for the 10 days and develop a rudimentary Contingency Tables based 
on the number of flares above M1 that occurred each day and the number of G1 or greater 
geomagnetic storms that occurred each day. For the forecast quantities, assume that a probability 
≥ 50% is a predicted “True” event.  How well did the forecasts do?
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Performance Metrics Formula

Precision

Recall, Probability of 
Detection, Sensitivity

Probability of Missed  
Detection

Accuracy

False Positive Rate1

Specificity

False Alarm Ratio1

True Skill Statistic, TSS

Critical Success Index

F1 score

TP = true positive, FP = false positive 
TN = true negative, FN = false negative
N = A + B + C + D = TP + FP + TN + FN

Descriptive Metrics Formula

Base or Event rate, s

Forecast Rate, r

Frequency Bias, B

Ratio Test, R

O
bs
er
ve
d

Positive Negative 
Forecast

Positive 

Negativ
e 

A B

DC

Events

Non-events

TP FN

FP TN

Hit

False Alarm

Miss

Null

TPR

FPR

TPR - FPR
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A+D

N

<latexit sha1_base64="zC3m+b//JOqbdNNlxs+xlOyUljo=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgCCWRoi5ru3FZwT6gDWUynbRDJ5MwMxFqyJe4caGIWz/FnX/jtM1CWw/cy+Gce5k7x485U9pxvq219Y3Nre3CTnF3b/+gZB8etVWUSEJbJOKR7PpYUc4EbWmmOe3GkuLQ57TjTxozv/NIpWKReNDTmHohHgkWMIK1kQZ2qR9ITNLbi0ZmWj0b2GWn4syBVombkzLkaA7sr/4wIklIhSYcK9VznVh7KZaaEU6zYj9RNMZkgke0Z6jAIVVeOj88Q2dGGaIgkqaERnP190aKQ6WmoW8mQ6zHatmbif95vUQHN17KRJxoKsjioSDhSEdolgIaMkmJ5lNDMJHM3IrIGJsktMmqaEJwl7+8StqXFfeqUr2vlmv1PI4CnMApnIML11CDO2hCCwgk8Ayv8GY9WS/Wu/WxGF2z8p1j+APr8wfTvZKP</latexit>

A+ C

A+B

<latexit sha1_base64="htk9S7w2A2k0wnYrqNPS+XlfI8I=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoipXqs9uJJKtgPaEPZbDft0s0m7m4KJeR3ePGgiFd/jDf/jds2B219MPB4b4aZeV7EmdK2/W3l1tY3Nrfy24Wd3b39g+LhUUuFsSS0SUIeyo6HFeVM0KZmmtNOJCkOPE7b3rg+89sTKhULxaOeRtQN8FAwnxGsjeT2fIlJcnNRT5P7tF8s2WV7DrRKnIyUIEOjX/zqDUISB1RowrFSXceOtJtgqRnhNC30YkUjTMZ4SLuGChxQ5Sbzo1N0ZpQB8kNpSmg0V39PJDhQahp4pjPAeqSWvZn4n9eNtX/tJkxEsaaCLBb5MUc6RLME0IBJSjSfGoKJZOZWREbY5KBNTgUTgrP88ippXZadarnyUCnVbrM48nACp3AODlxBDe6gAU0g8ATP8Apv1sR6sd6tj0VrzspmjuEPrM8fdz6R6g==</latexit>

A+ C

N

<latexit sha1_base64="CVmWMRKeKI1CedBgP0CM3OZr7a0=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoipXqs9eJJKtgPaEPZbDft0s0m7m4KJeR3ePGgiFd/jDf/jds2B219MPB4b4aZeV7EmdK2/W3l1tY3Nrfy24Wd3b39g+LhUUuFsSS0SUIeyo6HFeVM0KZmmtNOJCkOPE7b3vh25rcnVCoWikc9jagb4KFgPiNYG8nt+RKT5Oainib3ab9Yssv2HGiVOBkpQYZGv/jVG4QkDqjQhGOluo4daTfBUjPCaVroxYpGmIzxkHYNFTigyk3mR6fozCgD5IfSlNBorv6eSHCg1DTwTGeA9UgtezPxP68ba//aTZiIYk0FWSzyY450iGYJoAGTlGg+NQQTycytiIywyUGbnAomBGf55VXSuiw71XLloVKq1bM48nACp3AODlxBDe6gAU0g8ATP8Apv1sR6sd6tj0VrzspmjuEPrM8fdbaR6Q==</latexit>

A+B

N

<latexit sha1_base64="vZrHM7CKvRsclDkmc+iUxMj2YrE=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRT229uKxgv2ANpTNdtMu3WzS3U2hhPwOLx4U8eqP8ea/cdvmoK0PBh7vzTAzz4s4U9q2v63cxubW9k5+t7C3f3B4VDw+aakwloQ2SchD2fGwopwJ2tRMc9qJJMWBx2nbG9fnfntKpWKheNKziLoBHgrmM4K1kdyeLzFJamlSu6qn/WLJLtsLoHXiZKQEGRr94ldvEJI4oEITjpXqOnak3QRLzQinaaEXKxphMsZD2jVU4IAqN1kcnaILowyQH0pTQqOF+nsiwYFSs8AznQHWI7XqzcX/vG6s/Ts3YSKKNRVkuciPOdIhmieABkxSovnMEEwkM7ciMsImB21yKpgQnNWX10nruuzclCuPlVL1PosjD2dwDpfgwC1U4QEa0AQCE3iGV3izptaL9W59LFtzVjZzCn9gff4AZKWR3Q==</latexit>

A

A+ C
<latexit sha1_base64="Zpe3yD06btU8xEpn3XsKcTQ3hws=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRT229eKxgv2ANpTNdtMu3WzS3U2hhPwOLx4U8eqP8ea/cdvmoK0PBh7vzTAzz4s4U9q2v63cxubW9k5+t7C3f3B4VDw+aakwloQ2SchD2fGwopwJ2tRMc9qJJMWBx2nbG9/P/faUSsVC8aRnEXUDPBTMZwRrI7k9X2KS1NKkdlVP+8WSXbYXQOvEyUgJMjT6xa/eICRxQIUmHCvVdexIuwmWmhFO00IvVjTCZIyHtGuowAFVbrI4OkUXRhkgP5SmhEYL9fdEggOlZoFnOgOsR2rVm4v/ed1Y+3duwkQUayrIcpEfc6RDNE8ADZikRPOZIZhIZm5FZIRNDtrkVDAhOKsvr5PWddm5KVceK6VqPYsjD2dwDpfgwC1U4QEa0AQCE3iGV3izptaL9W59LFtzVjZzCn9gff4AYyCR3A==</latexit>

A

A+B
<latexit sha1_base64="wd3tF6ATbJo8qu19iGDP4x43v4s=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRT3WevFYwX5AG8pmu2mXbjZxd1MoIb/DiwdFvPpjvPlv3KY5aOuDgcd7M8zM8yLOlLbtb6uwtr6xuVXcLu3s7u0flA+P2iqMJaEtEvJQdj2sKGeCtjTTnHYjSXHgcdrxJndzvzOlUrFQPOpZRN0AjwTzGcHaSG7fl5gkjTS5vWikg3LFrtoZ0CpxclKBHM1B+as/DEkcUKEJx0r1HDvSboKlZoTTtNSPFY0wmeAR7RkqcECVm2RHp+jMKEPkh9KU0ChTf08kOFBqFnimM8B6rJa9ufif14u1f+MmTESxpoIsFvkxRzpE8wTQkElKNJ8Zgolk5lZExtjkoE1OJROCs/zyKmlfVp2rau2hVqk38jiKcAKncA4OXEMd7qEJLSDwBM/wCm/W1Hqx3q2PRWvBymeO4Q+szx9kqpHd</latexit>

B

A+B

<latexit sha1_base64="gbVV1Zi87HR22+G13NmQmEXGiYk=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRT0W24PHCvYD2lA22027dLNJdzeFEvI7vHhQxKs/xpv/xm2bg7Y+GHi8N8PMPC/iTGnb/rZyG5tb2zv53cLe/sHhUfH4pKXCWBLaJCEPZcfDinImaFMzzWknkhQHHqdtb1yb++0plYqF4knPIuoGeCiYzwjWRnJ7vsQkqadJ7aqe9oslu2wvgNaJk5ESZGj0i1+9QUjigApNOFaq69iRdhMsNSOcpoVerGiEyRgPaddQgQOq3GRxdIoujDJAfihNCY0W6u+JBAdKzQLPdAZYj9SqNxf/87qx9u/chIko1lSQ5SI/5kiHaJ4AGjBJieYzQzCRzNyKyAibHLTJqWBCcFZfXiet67JzU648VkrV+yyOPJzBOVyCA7dQhQdoQBMITOAZXuHNmlov1rv1sWzNWdnMKfyB9fkDbdaR4w==</latexit>

D

C +D

<latexit sha1_base64="hFhEUmtVtOEKDmvIwjerMlUj5n4=">AAAB9HicbVDLSsNAFL2pr1pfVZduBosgCCWRUl3Wx8KVVLAPaEOZTCft0MkkzkwKJeQ73LhQxK0f486/cdpmoa0HLhzOuZd77/EizpS27W8rt7K6tr6R3yxsbe/s7hX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U781plKxUDzqSUTdAA8E8xnB2khu15eYJFdnt2lyn/aKJbtsz4CWiZOREmSo94pf3X5I4oAKTThWquPYkXYTLDUjnKaFbqxohMkID2jHUIEDqtxkdnSKTozSR34oTQmNZurviQQHSk0Cz3QGWA/VojcV//M6sfYv3YSJKNZUkPkiP+ZIh2iaAOozSYnmE0MwkczcisgQmxy0yalgQnAWX14mzfOyUy1XHiql2nUWRx6O4BhOwYELqMEd1KEBBJ7gGV7hzRpbL9a79TFvzVnZzCH8gfX5A3jGkes=</latexit>

A+D

N

1 - TPR

<latexit sha1_base64="tcH5/uZz2FdKX1Wlh570SBuGnmY=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRT0W68FjBfsBbSib7aZdutnE3U2hhPwOLx4U8eqP8ea/cZvmoK0PBh7vzTAzz4s4U9q2v63C2vrG5lZxu7Szu7d/UD48aqswloS2SMhD2fWwopwJ2tJMc9qNJMWBx2nHmzTmfmdKpWKheNSziLoBHgnmM4K1kdy+LzFJGmnSuLhLB+WKXbUzoFXi5KQCOZqD8ld/GJI4oEITjpXqOXak3QRLzQinaakfKxphMsEj2jNU4IAqN8mOTtGZUYbID6UpoVGm/p5IcKDULPBMZ4D1WC17c/E/rxdr/8ZNmIhiTQVZLPJjjnSI5gmgIZOUaD4zBBPJzK2IjLHJQZucSiYEZ/nlVdK+rDpX1dpDrVK/zeMowgmcwjk4cA11uIcmtIDAEzzDK7xZU+vFerc+Fq0FK585hj+wPn8AbEyR4g==</latexit>

C

C +D

<latexit sha1_base64="GInvf9j+V2CiD6EvzKknyFGTv8A=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRT1Wc/FYwX5AG8pmu2mXbjZxd1MoIb/DiwdFvPpjvPlv3LY5aOuDgcd7M8zM82POlLbtb6uwtr6xuVXcLu3s7u0flA+PWipKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2x+7Mb0+oVCwSj3oaUy/EQ8ECRrA2ktcLJCapm6W3F27WL1fsqj0HWiVOTiqQo9Evf/UGEUlCKjThWKmuY8faS7HUjHCalXqJojEmYzykXUMFDqny0vnRGTozygAFkTQlNJqrvydSHCo1DX3TGWI9UsveTPzP6yY6uPFSJuJEU0EWi4KEIx2hWQJowCQlmk8NwUQycysiI2xy0CankgnBWX55lbQuq85VtfZQq9Tv8jiKcAKncA4OXEMd7qEBTSDwBM/wCm/WxHqx3q2PRWvBymeO4Q+szx9nuZHf</latexit>

C

A+ C
<latexit sha1_base64="RpuCPOJJUXO9+VSkmDAKSloTuIQ=">AAACBnicbVDLSgMxFL1TX7W+Rl2KECyCUCwzUtRlHy5cVrAPaEvJpJk2NPMgyQhlmJUbf8WNC0Xc+g3u/BvTdhbaeuDCyTn3knuPE3ImlWV9G5mV1bX1jexmbmt7Z3fP3D9oyiAShDZIwAPRdrCknPm0oZjitB0Kij2H05Yzrk391gMVkgX+vZqEtOfhoc9cRrDSUt887roCk7iSxJVCNUHnaP6uJXGtcJP0zbxVtGZAy8ROSR5S1PvmV3cQkMijviIcS9mxrVD1YiwUI5wmuW4kaYjJGA9pR1Mfe1T24tkZCTrVygC5gdDlKzRTf0/E2JNy4jm608NqJBe9qfif14mUe92LmR9Givpk/pEbcaQCNM0EDZigRPGJJpgIpndFZIR1Dkonl9Mh2IsnL5PmRdG+LJbuSvlyNY0jC0dwAmdgwxWU4Rbq0AACj/AMr/BmPBkvxrvxMW/NGOnMIfyB8fkDo8CX9w==</latexit>

A

A+B
� C

C +D
<latexit sha1_base64="+ZzwdPNAC1lbsdkHXTwjxw3khhM=">AAAB+XicbVDLSsNAFL2pr1pfUZduBosgFEoiRV32sXFZwT6gDWUynbRDJ5MwMymU0D9x40IRt/6JO//GaZuFth64cDjnXu69x485U9pxvq3c1vbO7l5+v3BweHR8Yp+etVWUSEJbJOKR7PpYUc4EbWmmOe3GkuLQ57TjTxoLvzOlUrFIPOlZTL0QjwQLGMHaSAPb7gcSk7Q2T2uleqkxRwO76JSdJdAmcTNShAzNgf3VH0YkCanQhGOleq4Tay/FUjPC6bzQTxSNMZngEe0ZKnBIlZcuL5+jK6MMURBJU0Kjpfp7IsWhUrPQN50h1mO17i3E/7xeooN7L2UiTjQVZLUoSDjSEVrEgIZMUqL5zBBMJDO3IjLGJgptwiqYENz1lzdJ+6bs3pYrj5VitZ7FkYcLuIRrcOEOqvAATWgBgSk8wyu8Wan1Yr1bH6vWnJXNnMMfWJ8/L9aSuQ==</latexit>

A

A+B + C
<latexit sha1_base64="wU58lLyzAAe++OTPgv5foB78fP8=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCUChJKeqxthePFWwttKVstpt26WYTdjdiCfkrXjwo4tU/4s1/47bNQVsfDDzem2FmnhdxprTjfFu5jc2t7Z38bmFv/+DwyD4udlQYS0LbJOSh7HpYUc4EbWumOe1GkuLA4/TBmzbn/sMjlYqF4l7PIjoI8FgwnxGsjTS0i31fYpJUb1JT5Ua5maKhXXIqzgJonbgZKUGG1tD+6o9CEgdUaMKxUj3XifQgwVIzwmla6MeKRphM8Zj2DBU4oGqQLG5P0blRRsgPpSmh0UL9PZHgQKlZ4JnOAOuJWvXm4n9eL9b+9SBhIoo1FWS5yI850iGaB4FGTFKi+cwQTCQztyIywSYMbeIqmBDc1ZfXSadacS8rtbtaqd7I4sjDKZzBBbhwBXW4hRa0gcATPMMrvFmp9WK9Wx/L1pyVzZzAH1ifPxtckzE=</latexit>

2A

2A+B + C

1 - FPR
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Skill Scores Definition Contingency Formula

Skill Test, Sk

Heidke Skill Score, HSS

Appleman’s Discriminant, U

Hansen & Kuipers Skill Score, 
HKSS = True Skill Statistic 
(TSS)

Schrank’s Discriminant, W

Correlation Coefficient, r

Skill = S – S2 / S1 – S2

where S is the number of correctly 
partitioned occurrences (positive 
and negative) by a model in any 
trial, and S1 and S2 are standard 
predictor results over the same 
trial.

S = TP + TN = A + D 

Standard Predictors2:  

• Perfect:  Sp = N
• False: Sf = 0
• Random: Sr
• Unskilled:  Su

Ratio Test, R =  S – Sf / Sp – Sf

R = (A + D) / N

<latexit sha1_base64="1CkVmAJ/lKDpQsc92KJYnc5c7gY=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUBeWpBR1Wa0LV1LBPqCNZTKdtEMnkzAzEUrIxl9x40IRt36GO//GSZuFth64cDjnXu69xw0Zlcqyvo3c0vLK6lp+vbCxubW9Y+7utWQQCUyaOGCB6LhIEkY5aSqqGOmEgiDfZaTtjuup334kQtKA36tJSBwfDTn1KEZKS33zoOcJhONq6fIansKr+kkS3z5UkkLfLFplawq4SOyMFEGGRt/86g0CHPmEK8yQlF3bCpUTI6EoZiQp9CJJQoTHaEi6mnLkE+nE0wcSeKyVAfQCoYsrOFV/T8TIl3Liu7rTR2ok571U/M/rRsq7cGLKw0gRjmeLvIhBFcA0DTiggmDFJpogLKi+FeIR0okonVkagj3/8iJpVcr2Wbl6Vy3WrCyOPDgER6AEbHAOauAGNEATYJCAZ/AK3own48V4Nz5mrTkjm9kHf2B8/gBwzpRU</latexit>

4(AD �BC)

N2

<latexit sha1_base64="4XwmIqDioyY4TkaNa1zWg+xzifE=">AAACAHicbZDNSsNAFIVv6l+tf1EXLtwMFsGNJZGiLgtuXFZqbaENZTKdtEMnkzAzEUrIxldx40IRtz6GO9/GSZuFth4Y+Dj3Xu7c48ecKe0431ZpZXVtfaO8Wdna3tnds/cPHlSUSELbJOKR7PpYUc4EbWumOe3GkuLQ57TjT27yeueRSsUica+nMfVCPBIsYARrYw3so34gMUlb6By1ZJa24jlUBnbVqTkzoWVwC6hCoebA/uoPI5KEVGjCsVI914m1l2KpGeE0q/QTRWNMJnhEewYFDqny0tkBGTo1zhAFkTRPaDRzf0+kOFRqGvqmM8R6rBZruflfrZfo4NpLmYgTTQWZLwoSjnSE8jTQkElKNJ8awEQy81dExtgkok1meQju4snL8HBRcy9r9bt6teEUcZThGE7gDFy4ggbcQhPaQCCDZ3iFN+vJerHerY95a8kqZg7hj6zPH2tLlPQ=</latexit>

S � Sr

Sp� Sr

<latexit sha1_base64="ICMx40mk9ehMrh5q/FXFkG7wniY=">AAACEnicbZDLSsNAFIYn9VbrLerSzWAREoolKUVd9rZwWcFeoC1lMp20QycXZiZCCXkGN76KGxeKuHXlzrdx2mahrT8MfPznHM6c3wkZFdKyvrXMxubW9k52N7e3f3B4pB+ftEUQcUxaOGAB7zpIEEZ90pJUMtINOUGew0jHmdbn9c4D4YIG/r2chWTgobFPXYqRVNZQN/suRzguGdUGvIS1upnERrVQM41aoWEWFNZNo64wyQ31vFW0FoLrYKeQB6maQ/2rPwpw5BFfYoaE6NlWKAcx4pJiRpJcPxIkRHiKxqSn0EceEYN4cVICL5Qzgm7A1fMlXLi/J2LkCTHzHNXpITkRq7W5+V+tF0n3ZhBTP4wk8fFykRsxKAM4zweOKCdYspkChDlVf4V4glRGUqU4D8FePXkd2qWifVUs35XzFSuNIwvOwDkwgA2uQQXcgiZoAQwewTN4BW/ak/aivWsfy9aMls6cgj/SPn8Ao9KYVw==</latexit>

2(AD �BC)

(A+B)(B +D) + (A+ C)(C +D)

<latexit sha1_base64="+KxMFhbkvoamvsxG6pWtJel/sUk=">AAACAHicbZDNSsNAFIVv6l+tf1EXLtwMFsGNJZGiLgtuXFZqbaENZTKdtEMnkzAzEUrIxldx40IRtz6GO9/GSZuFth4Y+Dj3Xu7c48ecKe0431ZpZXVtfaO8Wdna3tnds/cPHlSUSELbJOKR7PpYUc4EbWumOe3GkuLQ57TjT27yeueRSsUica+nMfVCPBIsYARrYw3so34gMUlb6By1kixtxXOoDOyqU3NmQsvgFlCFQs2B/dUfRiQJqdCEY6V6rhNrL8VSM8JpVuknisaYTPCI9gwKHFLlpbMDMnRqnCEKImme0Gjm/p5IcajUNPRNZ4j1WC3WcvO/Wi/RwbWXMhEnmgoyXxQkHOkI5WmgIZOUaD41gIlk5q+IjLFJRJvM8hDcxZOX4eGi5l7W6nf1asMp4ijDMZzAGbhwBQ24hSa0gUAGz/AKb9aT9WK9Wx/z1pJVzBzCH1mfP3SKlPo=</latexit>

S � Su

Sp� Su

<latexit sha1_base64="n9W+khT540wilLRUUicWBuFEY5o=">AAAB/XicbVDJSgNBEK2JW4zbuNy8NAYhHgwzIajHgBdPEolZIBlCT6cnadKz0N0jxGHwV7x4UMSr/+HNv7EnyUETHxQ83quiqp4bcSaVZX0buZXVtfWN/GZha3tnd8/cP2jJMBaENknIQ9FxsaScBbSpmOK0EwmKfZfTtju+zvz2AxWShcG9mkTU8fEwYB4jWGmpbx71PIFJUik10DlqiLM0uU0LfbNola0p0DKx56QIc9T75ldvEJLYp4EiHEvZta1IOQkWihFO00IvljTCZIyHtKtpgH0qnWR6fYpOtTJAXih0BQpN1d8TCfalnPiu7vSxGslFLxP/87qx8q6chAVRrGhAZou8mCMVoiwKNGCCEsUnmmAimL4VkRHWcSgdWBaCvfjyMmlVyvZFuXpXLdaseRx5OIYTKIENl1CDG6hDEwg8wjO8wpvxZLwY78bHrDVnzGcO4Q+Mzx8oh5Oy</latexit>

2(S � Sr)

N

<latexit sha1_base64="o3D8t8T+GgpusJoGkAnDUEialXY=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBZBEEsiRV0W24XLCvYBbSiT6aQdOnkwMxFLyK+4caGIW3/EnX/jpM1CWw9cOJxzL/fe40acSWVZ30ZhbX1jc6u4XdrZ3ds/MA/LHRnGgtA2CXkoei6WlLOAthVTnPYiQbHvctp1p43M7z5SIVkYPKhZRB0fjwPmMYKVloZmeeAJTJImukC3adI4b6aloVmxqtYcaJXYOalAjtbQ/BqMQhL7NFCEYyn7thUpJ8FCMcJpWhrEkkaYTPGY9jUNsE+lk8xvT9GpVkbIC4WuQKG5+nsiwb6UM9/VnT5WE7nsZeJ/Xj9W3o2TsCCKFQ3IYpEXc6RClAWBRkxQovhME0wE07ciMsE6DKXjykKwl19eJZ3Lqn1Vrd3XKnUrj6MIx3ACZ2DDNdThDlrQBgJP8Ayv8GakxovxbnwsWgtGPnMEf2B8/gDHXZLt</latexit>

D �B

C +D

<latexit sha1_base64="gYOR6e369DIKWy1Meb+6C2mv/sc=">AAACEnicbZDLSgMxFIYz9VbrbdSlm2ARdNEyI0VdFty4rGIv0A5DJs20oZlkSDKFMvQZ3Pgqblwo4taVO9/GTDuL2vpD4Oc755Bz/iBmVGnH+bEKa+sbm1vF7dLO7t7+gX141FIikZg0sWBCdgKkCKOcNDXVjHRiSVAUMNIORrdZvT0mUlHBH/UkJl6EBpyGFCNtkG9fPPhpL0J6KKOUjKdTWIELhAteyanr22Wn6swEV42bmzLI1fDt715f4CQiXGOGlOq6Tqy9FElNMSPTUi9RJEZ4hAakayxHEVFeOjtpCs8M6cNQSPO4hjO6OJGiSKlJFJjObFe1XMvgf7VuosMbL6U8TjTheP5RmDCoBczygX0qCdZsYgzCkppdIR4iibA2KZZMCO7yyaumdVl1r6q1+1q57uRxFMEJOAXnwAXXoA7uQAM0AQZP4AW8gXfr2Xq1PqzPeWvBymeOwR9ZX7/Ysp2B</latexit>

Rev �Rnon�ev � 1

<latexit sha1_base64="ZDPRkHPkTCUZTRwjCzif2zU45yY=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSIIYklKUZcFNy7row9oQ5lMJ+3QySTMTIQQ6q+4caGIWz/EnX/jtM1CWw9cOJxzL/fe48ecKe0439bK6tr6xmZhq7i9s7u3bx8ctlSUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttj6+nfvuRSsUi8aDTmHohHgoWMIK1kfp2qRdITLI7dIbu0TlyJ1l10rfLTsWZAS0TNydlyNHo21+9QUSSkApNOFaq6zqx9jIsNSOcToq9RNEYkzEe0q6hAodUedns+Ak6McoABZE0JTSaqb8nMhwqlYa+6QyxHqlFbyr+53UTHVx5GRNxoqkg80VBwpGO0DQJNGCSEs1TQzCRzNyKyAibNLTJq2hCcBdfXiatasW9qNRua+W6k8dRgCM4hlNw4RLqcAMNaAKBFJ7hFd6sJ+vFerc+5q0rVj5Tgj+wPn8AOWGTKA==</latexit>

R+ S � 1

2

<latexit sha1_base64="n5Jgs/0kEmOLB2zkTa6aL7yfHec=">AAACCnicbVDLSgMxFM3UV62vUZduokVoKZaZUtRltS5cSQX7gHYsmTTThmYeJBmhDLN246+4caGIW7/AnX9jpp2Fth64cHLOveTeYweMCmkY31pmaXlldS27ntvY3Nre0Xf3WsIPOSZN7DOfd2wkCKMeaUoqGekEnCDXZqRtj+uJ334gXFDfu5OTgFguGnrUoRhJJfX1w57DEY4KF6Wr4n0FlmDhslQvJs8TsxhHlZu4r+eNsjEFXCRmSvIgRaOvf/UGPg5d4knMkBBd0wikFSEuKWYkzvVCQQKEx2hIuop6yCXCiqanxPBYKQPo+FyVJ+FU/T0RIVeIiWurThfJkZj3EvE/rxtK59yKqBeEknh49pETMih9mOQCB5QTLNlEEYQ5VbtCPEIqG6nSy6kQzPmTF0mrUjZPy9Xbar5mpHFkwQE4AgVggjNQA9egAZoAg0fwDF7Bm/akvWjv2sesNaOlM/vgD7TPHyK5lrA=</latexit>

(A+D)2 + (B + C)(A+D � 1)

2N

<latexit sha1_base64="wkbh9LZKVEf47nxgsBqX8FSoo3g=">AAACE3icbVDLTsJAFJ36RHxVXbppJCZFIraEqEugLFxiIo8EKpkOU5gwfWRmakKa/oMbf8WNC41x68adf+MAXSh4krk5Oefe3LnHCSnhwjC+lZXVtfWNzcxWdntnd29fPThs8SBiCDdRQAPWcSDHlPi4KYiguBMyDD2H4rYztqZ++wEzTgL/TkxCbHtw6BOXICik1FfPei6DKK7Wz2tWEnf1aqGWl8XK61ahntdrstj3sXlRSpK+mjOKxgzaMjFTkgMpGn31qzcIUORhXyAKOe+aRijsGDJBEMVJthdxHEI0hkPcldSHHuZ2PLsp0U6lMtDcgMnnC22m/p6Iocf5xHNkpwfFiC96U/E/rxsJ99qOiR9GAvtovsiNqCYCbRqQNiAMI0EnkkDEiPyrhkZQhiRkjFkZgrl48jJplYrmZbF8W85VjDSODDgGJ0AHJrgCFXADGqAJEHgEz+AVvClPyovyrnzMW1eUdOYI/IHy+QNo4ZoJ</latexit>

AD �BC

[(A+B)(A+ C)(C +D)(B +D)]1/2

<latexit sha1_base64="QllUVTDXgYRuck/LzlHQHc5zueM=">AAACC3icbVDLSgMxFM3UV62vUZduQosgFMuMFHUj9LVwWcE+oB1KJs20oZnMkGSEMszejb/ixoUibv0Bd/6NaTsLbT1w4eSce8m9xw0Zlcqyvo3M2vrG5lZ2O7ezu7d/YB4etWUQCUxaOGCB6LpIEkY5aSmqGOmGgiDfZaTjTuozv/NAhKQBv1fTkDg+GnHqUYyUlgZmvu8JhONqEleLtaS4eDWSuF5sJPAc2vAGDsyCVbLmgKvETkkBpGgOzK/+MMCRT7jCDEnZs61QOTESimJGklw/kiREeIJGpKcpRz6RTjy/JYGnWhlCLxC6uIJz9fdEjHwpp76rO32kxnLZm4n/eb1IeddOTHkYKcLx4iMvYlAFcBYMHFJBsGJTTRAWVO8K8RjpOJSOL6dDsJdPXiXti5J9WSrflQuVWhpHFpyAPDgDNrgCFXALmqAFMHgEz+AVvBlPxovxbnwsWjNGOnMM/sD4/AHjY5kD</latexit>

A

A+B
+

D

C +D
� 1 =

<latexit sha1_base64="rsTz3FHcntpbMWSZ+Qije/cY9tA=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahpVgSKeqyr4XLCvYBbSiT6aQdOpmEmYlQQsGNv+LGhSJu/Ql3/o3TNgttPXDhcM693HuPGzIqlWV9G6m19Y3NrfR2Zmd3b//APDxqySASmDRxwALRcZEkjHLSVFQx0gkFQb7LSNsd12Z++4EISQN+ryYhcXw05NSjGCkt9c2TnicQjit1eAGrtWmcqxSq+VytUM9P+2bWKlpzwFViJyQLEjT65ldvEODIJ1xhhqTs2laonBgJRTEj00wvkiREeIyGpKspRz6RTjz/YQrPtTKAXiB0cQXn6u+JGPlSTnxXd/pIjeSyNxP/87qR8m6cmPIwUoTjxSIvYlAFcBYIHFBBsGITTRAWVN8K8QjpUJSOLaNDsJdfXiWty6J9VSzdlbLlahJHGpyCM5ADNrgGZXALGqAJMHgEz+AVvBlPxovxbnwsWlNGMnMM/sD4/AHdO5UZ</latexit>

AD �BC

(A+B)(C +D)
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