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Program for Today

Solar Focus on Spectral Inversions:

1:30 – 2:00 Introduction – Han Uitenbroek (NSO)

2:00 – 2:30 All the details about inversions you thought you
don’t have to know – Ivan Milic (CU/LASP, NSO)

2:30 – 3:00 Break

3:00 – 3:15 HAZEL Inversion of the Filament Observed by the
DST/FIRS on May 29/30, 2017 – Shuo Wang
(NSMU, via Zoom)

3:15 – 3:45 Stokes Inversion via Principal Component Analysis -
Roberto Casini (HAO)

3:45 – 4:00 Wrap-Up – Han Uitenbroek (NSO)

4:00 – 4:30 Socializing
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Observables and Physical Quantities

We cannot directly measure the values of physical quantities,
like magnetic field strength, temperature, line-of-sight
velocity, on the solar surface.

Instead, we have to infer their values from the observed
intensity and its degree of polarization (Stokes parameters).

We know how the physical state of the solar surface, via the
local absorption and emission coefficients, shapes the
radiation field. This is the field of radiative transfer.

Using this knowledge of the sensitivities of the local emission
and absorption coefficients to the physical properties we seek,
we can analyze the observed Stokes parameters in an attempt
to recover the properties of the atmosphere.

The properties of the atmospehere are mapped into the
(polarized) spectrum and Spectral Inversions seek to uncover
the reverse of this mapping in a mathematically rigorous way.
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The Equations of Radiative Transfer

Absorption and emission coefficient:

dIλ = jλds

dIλ = −αλIλds

Transport along a ray:

dIλ
ds

= jλ − αλIλ

dIλ
dτλ

= Iλ − Sλ

Optical depth and source function:

dτλ ≡ −αλds

Sλ ≡ jλ/αλ
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Basic Radiative Transfer: Formal Solution

Emergent intensity from a semi-infinite medium:

dIλ
dτλ

= Iλ − Sλ

Iλ(τλ = 0) =

∫ ∞
0

Sλ(τ)e−τdτ
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A plane electromagnetic wave

B

E

E (~r , t) = (A sin(kz − ωt), 0, 0)
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General description of polarized light

E (~r , t) = (Ax cos(kz − ωt),Ay cos(kz − ωt + φ), 0)

z

x

y

Linear Polarization:

Ax = Ay

φ = 0
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General description of polarized light

E (~r , t) = (Ax cos(kz − ωt),Ay cos(kz − ωt + φ), 0)

z

x

y

Circular Polarization:

Ax = Ay

φ = 90
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Stokes parameters

Q U

 V
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Equation of Polarized Radiative Transfer

Transfer Equation:

dI

ds
= −KI + j

Stokes vector and absorption matrix

I = [I ,Q,U,V ]T

j = jλΦλe0, e0 = (1, 0, 0, 0)†

K = αλlΦλ

Absorption matrix:

Φ =


φI φQ φU φV
φQ φI ψV −ψU

φU −ψV φI ψQ

φV ψU −ψQ φI


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Dependence of Transfer Equattion on Physical Properties

Physical properties, absorption and emission coefficient

a = [a1(τ), a2(τ), . . . , aN(τ)]T

αλ = α(λ; a)

jλ = j(λ; a)

Equation of transfer and formal solution

dI

dτ
= I (λ; a) − S(λ; a)

I (λ; a) =

∫ ∞
0

S(λ; a)e−τ(λ;a)dτ
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Response to Perturbations of Physical Properties

Let’s investigate what happens to the intensity I (λ; a) when we
perturb the physical quantities a by writing down the partial
derivative of I with respect to single quantity aj .

d
∂I

∂aj
/ds =

∂j

∂aj
−
(
∂α

∂aj
I + α

∂I

∂aj

)
d
∂I

∂aj
/dτ =

∂I

∂aj
− 1

α

(
∂α

∂aj
I − ∂j

∂aj

)

δI =
N∑
1

∂I

∂aj
δaj =

N∑
1

∫ ∞
0

{
1

α

(
∂α

∂aj
I − ∂j

∂aj

)}
e−τδajdτ

=
N∑
1

∫ ∞
0

Rjδajdτ
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Response Function of Ca ii 854.21 nm to Perturbation in T
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Response function Ca ii 854.2 Stokes V to B
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The Merit Function

Comparing the synthetic spectrum from a given estimate of
the atmosphere with the observed:

χ2 =
1

Nf − Nu

M∑
i=1

[
I obs(λi ) − I synth(λi ; a)

]2
δχ2 =

2

Nf − Nu

M∑
i=1

[
I obs(λi ) − I synth(λi ; a)

]
δIi

=
2

Nf − Nu

M∑
i=1

{[
I obs(λi ) − I synth(λi ; a)

] N∑
1

∫ ∞
0

Rj(λi ; a)δajdτ

}
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Now we have a Framework for an Inversion Algorithm

1 Create an initial guess for the solar model.

2 Calculate the synthetic spectrum and the response functions
from this model.

3 Calculate the merit function and its gradient.

4 If merit function small enough, then current physical
parameters are the ones you sought. Quit.

5 Otherwise, use the gradient of the merit function to point you
in the right direction in multi-dimensional space of physical
parameters, and update atmospheric model.

6 Do to step 2 and iterate.
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