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I.  Propaga/on	of	light	in	media:	polariza/on	
II.  Stokes	vectors	and	Mueller	matrices:	telescope	

polariza/on	
III. Modern	spectropolarimeters	





Handbook of Optics Chapter 12 on Polarization (J.M. Bennett)  

Furthermore,	there	are	sign	errors	that	do	cause	physical	differences	“sprinkled	
richly”	throughout	the	literature	on	this	subject.		If	you	need	a	reference	without	
sign	errors,	always	consult	the	works	of	Landi	degl’Innocen/!	(B.	Lites)	



I.  Propaga/on	of	light	in	media:	polariza/on	

1.  Max	Born	&	Emil	Wolf:	“Principles	of	Op/cs:	Electromagne/c	Theory	
of	Propaga/on,	Interference	and	Diffrac/on	of	Light”.	7th	Edi/on	

2.  Landi	Degl'Innocen/,	Egidio,	“The	physics	of	polariza/on”		
Astrophysical	spectropolarimetry.	Proceedings	of	the	XII	Canary	
Islands	Winter	School	of	Astrophysics,	edited	by	J.	Trujillo-Bueno,	F.	
Moreno-Inser/s,	and	F.	Sánchez.	Cambridge,	UK:	Cambridge	
University	Press,	2002,	p.	1	–	53	

3.  Landi	Degl'Innocen/,	E.	&	Landolfi,	M.:	“Polariza/on	in	Spectral	
Lines”,	2004.	Kluwer	Academic	Publishers,	Dordrecht	

4.  C.U.	Keller	hfp://home.strw.leidenuniv.nl/~keller/educa/on.shtml	
5.  Jose	Carlos	del	Toro	Iniesta	:	“Introduc/on	to	Spectropolarimetry”,	

2003.	Cambridge.	
6.  Lites,	B.	W.	at	IAA	Granada:	

hfp://spg.iaa.es/pub/downloads/B.Lites.zip	
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E =
H =
B =
D =
J =
ρ =

Electric Field 

Magnetic Field 

Magnetic Induction 

Electric Displacement 

Electric Current Density 

Electric Charge Density 

		J = σ̂E
		D = ε̂E

	B = µH 	

ε̂ =
σ̂ =
µ =

Specific Conductivity tensor 
Dielectric tensor 

Magnetic permeability 

•  Material equations 

•  Maxwell Equations (Gaussian units) 



	D = E 	B =H

•  In vacuum (≈air): 

•  Isotropic and anisotropic dielectrics (lots of optics): 

		
σ̂ =0δ ij ε⎡⎣ ⎤⎦ij = εδ ij µ =1

		
σ̂ = 0̂ ε⎡⎣ ⎤⎦ij = ε ij µ =1

	 σ̂ = 0̂ ε̂ = 1̂ µ =1

		J = 0 	ρ =0

•  Conductors (mirrors, stellar atmospheres): 

		
σ⎡⎣ ⎤⎦ij =σδ ij ε⎡⎣ ⎤⎦ij = εδ ij µ =1 		J ≠ 0 	ρ ≠0

		
σ⎡⎣ ⎤⎦ij =σ ij ε⎡⎣ ⎤⎦ij = ε ij µ =1



•  https://www.youtube.com/watch?v=wahmW7h-AKo 
•  Maxwell equations: Boundary conditions 
•  Differential equations à point. Area/Volume à integral 
•  Gauss and Stokes theorems of calculus 
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		n12 ×(E2 −E1)=0
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4π
c
Ĵ (= 0)

		

t1 = −b ×n12
t2 = b ×n12
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•  In vacuum one obtains the wave equation (V one component): 

•  Plane (propagating in direction    ) and spherical wave: 	s

	u= r ⋅s − vt

•  EM plane waves are transverse: 

		
E = E(r ⋅s − vt)= E(u)
H =H(r ⋅s − vt)=H(u)

	

r ⋅s = cte
r = cte



•  Maxwell Equation tell us that EM waves are transverse: 

		
∇×E + 1

c
∂B
∂t

= 0
		
∇×B − ε

c
∂E
∂t

= 0

	
∂E
∂t

= −v dE
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∇×E⎡⎣ ⎤⎦x = (s ×
dE
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+ vε
c
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c
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ε
s ×B( )

	
B = ε s ×E( )

		 
S = c

4π (E ×B)∼ s 		
S = cn4π E

2



		
k = 2π

λ
s

•  Monochromatic (single frequency) plane wave: 

		
u= r ⋅s − vt = λ

2π (k ⋅r −ϖt)= v
n
c
r ⋅s −t

⎡

⎣
⎢

⎤

⎦
⎥ =

λϖ
2π (

r ⋅s
v

−t)

	ϖ =2πν 	v = λ ⋅ν

		E = Eo cos(k ⋅r −ϖt)=Re Eoe
i(k ⋅r −ϖt ){ }

		

Ex =Re Eo( )
x
ei(τ+δ x ){ }

Ey =Re Eo( )
y
ei(τ+δ y ){ }

Ez =0

		τ = (k ⋅r −ϖt)

•  Complex notation, phases (note that we use            ): 	e− iϖt+iδ

	
n= c

v



•  Solving for  
		

Ex =Re Eo( )
x
ei(τ+δ x ){ }= Ax cos(ϖt −δ x )

Ey =Re Eo( )
y
ei(τ+δ y ){ }= Ay cos(ϖt −δ y )

	ϖt
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⎛
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cosδ = sin2δ

	
δ =δ x −δ y

•  Polarization ellipse at a point in space (BW uses + for phases)   

•  Special cases: linear & circular 

	δ =mπ

		m=0,±1,±2,... 		
δ =mπ

2
		m= ±1,±3,...

	
Ax = Ay

	
Ay

	Ax

		m= +1

		m= −1

¤	

¤	



•  Boundary conditions at interface à refraction/reflection laws:  
		 

!A
"
= A

"
eiτ i

!A⊥ = A⊥e
i(τ i+δ i )

		 

!T
"
=T

"
eiτt

!T⊥ =T⊥e
i(τt+δt ) 		 

!R
"
= R

"
eiτ r

!R⊥ = R⊥e
i(τ r+δr )

		n1 sinθi = n2sinθt	θi =π −θr

		τ i = (ki ⋅r −ϖ it)

		τ r = (kr ⋅r −ϖ rt)

		τ t = (kt ⋅r −ϖ tt)

•  Refraction and reflection in dielectric media  

	ϖ i =ϖ r =ϖ t

		(D2 −D1)⋅n =0 		(B2 −B1)⋅n =0 		n ×(E2 −E1)= 0 		n ×(H2 −H1)= 0	; 	; 	;

	δ i =δ t ≠δ r



•  Fresnel formulae and Brewster angle:  

		 
T
!
=

2sinθt cosθi
sin(θi +θt )cos(θi −θt )

A
!

		
T⊥ =

2sinθt cosθi
sin(θi +θt )

A⊥

		 
R
!
=
tan(θi −θt )
tan(θi +θt )

A
!

		
R⊥ = −

sin(θi −θt )
sin(θi +θt )

A⊥

		 
θi +θt =

π
2→R

!
=0

		
tanθiB =

n2
n1 		θi

B =53o

•  Total reflection  

		
sinθt =

n1
n2
sinθi ≥1

		

n1(water)=1.33
n2(air)=1
θi ≥49o



•  Amplitude ratios and phase difference  

	 
E
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R
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A
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P = cos(θi −θt )
Δ =0

		

P =
cos(θi −θt )
cos(θi +θt )

Δ =π →(θi +θt )<
π
2

Δ =0→(θi +θt )>
π
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•  Refraction and reflection in dielectric media  

	 
P =

P⊥
P
!

 
Δ = Δ⊥ − Δ!



•  Total reflection  
		
θi ≥ sin−1 n2

n1

⎛

⎝⎜
⎞
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2

n2
2 sin2θi −1

		 eiτt = ei(kt ⋅r −ϖt ) = e
iϖ

xn1sinθi
n2v2

−t
⎛

⎝
⎜

⎞

⎠
⎟
e
∓
ωz
v2

n1
2

n2
2 sin

2θi−1

•  No transmitted wave: energy reflected  

	 
R
!
= A

! 	
R⊥ = A⊥

	 

R⊥

R
!

= eiΔ
A⊥

A
!

 
Δ = Δ⊥ − Δ!

		
tan Δ2 =

cosθi sin2θi −
n2
2

n1
2

sin2θi		P =1



•  Total reflection optical glasses 

		Δ(
o)

		θi(
o)

		

n1(BK7)=1.5
n2(air)=1
θi ≥42o



•  The rainbow (2 refractions, 1 total reflection) 

		
Prainbow =

(2+n2)6 −729n4(2−n2)2
(2+n2)6 +729n4(2−n2)2



		
∇2E − ε

c2
∂2E
∂t2

− 4πσ
c2

∂E
∂t

=0

•  Conducting media (optics of metals): 

		
σ⎡⎣ ⎤⎦ij =σδ ij ε⎡⎣ ⎤⎦ij = εδ ij µ =1 	J =σE 	ρ =0

		
∇×H − ε

c
∂E
∂t

= 4π
c
σE

•  Damping term in the wave equation: 	E ∝e− iϖt

		 
∇2E −ϖ

2 !ε
c2

E =0 		 
!ε = ε + i 4πσ

ϖ 		 
!n= c
!v
= !ε = n(1+ iκ )

		 E = Eo cos( !k(s ⋅r )−ϖt)=Re Eoe
i( !k( s ⋅r )−ϖt ){ }

	 
!k =ϖ !n

c

•     Extinction or absorption coefficient (not unrelated to what 
you have seen !) 
κ



•  Conducting media (optics of metals): 

		
n2 = 12 ε + ε 2 + 4σ

2

ν 2

⎛

⎝
⎜

⎞

⎠
⎟

		
n2κ 2 = 12 −ε + ε 2 + 4σ

2
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⎛

⎝
⎜

⎞

⎠
⎟

		 E = Eoe
i( !k( s ⋅r )−ϖt ) = Eoe

− iϖte
iϖn
c
( s ⋅r )
e
−ϖnκ

c
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•  The wave in the metallic media gets damped: 

•  The transmitted wave: 		 1⋅sinθi = !nsinθt

		
sinθt =

1− iκ
n(1+κ 2)sinθi

		
cosθt = 1− (1−κ 2)

n2(1+κ 2)2 sin
2θi − i

2κ
n2(1+κ 2)2 sin

2θi



•  Fresnel equation for conducting media: 

		 

R⊥

R
!

= −
cos(θi −θt )
cos(θi +θt )

A⊥

A
!

		

θt =θt(n,κ ,θi )
P = P(n,κ ,θi )
Δ = Δ(n,κ ,θi )

	 

R⊥

R
!

= PeiΔ
A⊥

A
!

•  Amplitude ratio and phases for reflection in metals: 

		
P2 =

f 2 + g2 +2 f sinθi tanθi + sin2θi tan2θi
f 2 + g2 −2 f sinθi tanθi + sin2θi tan2θi 		

tanΔ =
2gsinθi tanθi

sin2θi tan2θi −( f 2 + g2)

		
f 2 = 12 n2 −n2κ 2 − sin2θi + (n2 −n2κ 2 − sin2θi )2 +4n4κ 2⎡

⎣⎢
⎤
⎦⎥

		
g2 = 12 n2κ 2 −n2 + sin2θi + (n2 −n2κ 2 − sin2θi )2 +4n4κ 2⎡

⎣⎢
⎤
⎦⎥



•  Normal incidence 

		P2 =1

	tanΔ =0
		f

2 = n2		θi =0

		g
2 = n2κ 2 		 

R⊥

R
!

= −
cos(θi −θt )
cos(θi +θt )

A⊥

A
!

= −
A⊥

A
!

Δ =π

•  Grazing incidence: 

		
θi =

π
2 		tanθi →∞ 		P2 =1

	tanΔ =0
		 

R⊥

R
!

=
sinθt
sinθt

A⊥

A
!

=
A⊥

A
!

	Δ =0
•  General shape (example aluminum, 630nm): 

	P Δ

		f
2 + g2 = sin2θi tan2θi 	tanΔ =∞

		

n=1.26
nκ =7.25
θi = 45o
f = 	1.2542;	g=	7.2834
P=1.0327	;	Δ =169.22o

hfp://refrac/veindex.info/	



•  Anisotropic media (crystals): 

		 ε
⎡⎣ ⎤⎦ij = ε ij σ =0 µ =1

	
Di = ε ijE j

•  Dielectric tensor is diagonal in a reference frame: 

		

ε ij =

ε x 0 0
0 ε y 0
0 0 ε z

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

	

nx = ε x
Dx = ε xEx

vx =
c
ε x 	

ny = ε y
Dy = ε yE y

v y =
c
ε y 	

nz = ε z
Dz = ε zEz

vz =
c
ε z

•   In general       and      are not parallel.  	D 	E

		∇⋅D = 4πρ =0→D ⋅s =0

		E = Eoe
i(k ⋅r −ϖt )

		D = Doe
i(k ⋅r −ϖt )

		H =Hoe
i(k ⋅r −ϖt )

	ns ×H = −D ns ×E =H
		∇⋅H =0→H ⋅s =0 		

S = c
4π (E ×H)≠ s



•  For each      quadratic equation for               
•  Double refraction:        has no phaseà linearly polarized 
•                    polarized in orthogonal directions 
•  Uniaxial materials:  
•  Optic axis is the axis that has a different index of refraction (z) 
•       is     to the  to the principal plane    & optic axis.        is 
•      angle between    and the optic axis  
 

		
D = n2 E − s(E ⋅s )⎡⎣ ⎤⎦ ε iEi = n

2 Ei − si(E ⋅s )⎡⎣ ⎤⎦ Ei =
n2si(E ⋅s )
(n2 −ε i )

		

sx
2

n2 −ε x
+

s y
2

n2 −ε y
+

sz
2

n2 −ε z
= 1
n2

	s

	Ei
		E1 ⋅E2 =0

		n→n1 ,n2

	
nx = ny ≠ nz 		nx = ny = no ; nz = ne

	sθ 		sx
2 + s y

2 = sin2θ sz
2 = cos2θ

		

(no2 −n2) no2 ne2 −n2( )sin2θ +ne2 no2 −n2( )cos2θ⎡
⎣

⎤
⎦ =0

n1 = no ; n2 =
none

no
2sin2θ +ne2cos2θ

•  Anisotropic media (crystals): 

	Eo ⊥ 	s 	Ee  !



		n2 = no
•  Anisotropic media (crystals): 
•            propagation along the optic axis            à isotropic 
•            propagation perpendicular to optic axis 
•  If          one ray sees      and the other        
•  Phase delay between rays: birefringence  

	θ =0

	
θ = π

2 		n2 = ne

•       and      refer to the principal plane (    and optic axis): 
•  At an arbitrary     : two exit rays polarized      directions  

	no 	ne		θi =0

θ

		δ = (ne −no)

	 

R⊥

R
!

= PeiΔ
A⊥

A
!

⊥
⊥  ! 	s

		

Δ = 2πd
λ
(no −ne )= −

2πd
λ

δ

P =1	d

	θ =0



•  Quarter and half wave plates  

		

Δ = 2πd
λ
(no −ne )=

π
2→d = λ

4(no −ne )

Δ = 2πd
λ
(no −ne )=π →d = λ

2(no −ne )

Δ = 2πd
λ
(no −ne )=2π →d = λ

(no −ne )
•  Quartz:  14 µm, 28 µm: difficult 
•  Multi-order retarders: 
 

		
d = Nλ

(no −ne )
; N =m+ 14

•  Less achromatic than true zero order 
•  Compound zero order: 

-  Two wave plates retardations differ by exactly λ/4 or λ/2  
-  The fast axis of one plate aligned with the slow axis of the other  
-  Net retardation is the difference of the two retardations 

•  Polymer retarders offer much better field of view  
 



•   Anisotropic conducting media (metal crystals): 

	
Ji =σ ijE j

		 
!ε i = ε i + i

4πσ i

ϖ
i = x , y ,z

		 
!ni =

c
v̂i

= !ε i = ni(1+ iκ i )

		
ε⎡⎣ ⎤⎦ij = ε ij σ⎡⎣ ⎤⎦ij =σ ij µ =1

	
Di = ε ijE j

•  Each        has two complex refractive indexes 	s

	 

R⊥

R
!

= P
A⊥

A
!

		 P = e
−ϖ
c
nd(κ⊥−κ ! )

•  Dichroism (Polaroids): 

•  Ideal polarizer has 

		 
κ⊥ =∞ (κ

!
=0) → P =0

		Ei = Eoie
− iϖte

i
ϖni
c
( s ⋅r )
e
−
ϖniκ i
c

( s ⋅r )



II.  Stokes	vectors	and	Mueller	matrices:	
telescope	polariza/on	



•  Monochromatic plane wave: Jones vector 

	

Ex = Axe
iδ xeiτ

Ey = Aye
iδ yeiτ

	

J =
Axe

iδ x

Aye
iδ y

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
= eiδ x

Ax
Aye

− iδ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

•   Jones (complex) matrix: 

		

Ax
' eiδ x

'

Ay
' eiδ y

'

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟ =

p11 p12
p21 p22

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

Axe
iδ x

Aye
iδ y

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

•  Jones formalism uses electric fields 
•  Can account for interferences. Coherent superpositions. 
•  We do not measure the electric field of the waves in the visible 

	x

	y¤	

	
δ =δ x −δ y		τ = (k ⋅r −ϖt)



•  Monochromatic plane wave: Stokes vector 

	

Ex = Axe
iδ xeiτ

Ey = Aye
iδ yeiτ

		

I = Ax
2 + Ay

2

Q = Ax
2 − Ay

2

U =2AxAy cosδ
V =2AxAy sinδ	

δ =δ x −δ y

•  Quadratic on the fields à Intensities 

		I
2 =Q2 +U2 +V 2

•  Linearly polarized light 		δ =mπ → cosδ = (−1)m sinδ =0

	

∝

1
1
0
0

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

	

∝

1
−1
0
0

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

	

∝

1
0
1
0

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

	

∝

1
0
−1
0

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

		Ay =0 		Ax =0 	
Ax = Ay 	

Ax = −Ay

		m=0,±1,±2,...

	x

	y¤	

		

Ax
2 = ExEx

*

Ay
2 = EyE y

*

AxAy cosδ =Re Ex*Ey( )
AxAy sinδ = −Im Ex

*Ey( )



•  Circularly polarized light 

	

∝

1
0
0
1

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

	

∝

1
0
0
−1

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

		
δ =mπ

2→ cosδ =0 sinδ = ±1

		m= ±1,±3,...
	
Ax = Ay

		m= +1 		m= −1

•  Quasi-monochromatic plane waves 
•  Coherence time      wave packets 
•  More than one frequency  

	τ0

	 
Δν ∼ 1

τ0
≪ν0

•  Electric dipole transitions  
•  Polarization ellipse changes after   	τ0

		 Δν ∼10
8 s−1 ν0 ∼1014 s−1

¤	¤	



•  Polarization ellipse properties are a slow function of time 
		

Ex(t)= Ax(t)e
iδ x (t )eiτ

Ey(t)= Ay(t)e
iδ y (t )eiτ

•  Quasi-monochromatic plane wave  

•  Operational definition of the Stokes parameters 
•  Light goes through a retarder that introduces a phase 

difference     to  
•  Light goes through a linear polarizer at an angle  

ε
	
E y

θ 	x

	y

θ

¤	



•  Output light is linearly polarized with an     field: 

		E(t ;θ ,ε )= Ex(t)cosθ +Ey(t)eiε sinθ
	E

•  We measure intensities averaging over  	 T≫τ o

		
Itrans(θ ,ε )= E(t ;θ ,ε )E *(t ;θ ,ε ) = 1

T
E(t ;θ ,ε )E *(t ;θ ,ε )dt

0

T

∫
•  Perform 6 measurements and define the Stokes parameters:  

		

S1 = Itrans(0,0)
S2 = Itrans(π4 ,0)
S3 = Itrans(π2 ,0)
S4 = Itrans(3π4 ,0)
S5 = Itrans(π4 , π2 )
S6 = Itrans(3π4 , π2 )

		

I := S1 + S3(= S2 + S4 = S5 + S6)
Q := S1 − S3
U := S2 − S4
V := S5 − S6

		
... = 1

T
...dt

0

T

∫



•  For a quasi-monochromatic plan wave 

		EE
* = Ax

2(t)cos2θ + Ay2(t)sin2θ +2Ax(t)Ay(t)cosθ sinθ cos(δ(t)−ε )

		

I = Ax
2 + Ay

2

Q = Ax
2 − Ay

2

U =2 AxAy cosδ
V =2 AxAy sinδ

•  One obtains: 

•  Valid for all types of fields (not just monochromatic) 
•   Polarization degree (        ): 		 a

2
≤ a2

		
Ppol =

Q2 +U2 +V 2

I
≤1

	x

	y¤	



•  Natural light (only Stokes): 

		 Ax
2 = Ay

2

		
AxAy

cosδ
sinδ

=0
	

1
0
0
0

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

•  Any Stokes vector can be decomposed in natural light and 
totally polarized light: 

		

I
Q
U
V

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

= 1−Ppol( )
I
0
0
0

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

+

PpolI

Q
U
V

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

•  Combining two incoherent light beams simply adds their 
Stokes vectors 

•  If the beams are coherent they add their Jones vectors. 



•  Mueller matrices: linear optical systems 

		

I '
Q'
U '
V '

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

=

M11 M12 M13 M14

M21 M22 M23 M24

M31 M32 M33 M34

M41 M42 M43 M44

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥

I
Q
U
V

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

•  Note that there is an entrance and exit reference systems 

	x

	y

		x '

		y '

		I '=MI

		I '=MnMn−1...M2M1I
•  Some common Mueller matrices: rotation 

	x

		x '
	y		y '

α

	E

	Ex

		Ex '		E y '

	
E y

		

Ex ' = Ex( )
x '
+ Ey( )

x '

Ey ' = Ex( )
y '
+ Ey( )

y '

¤	



•  Which gives : 

		

Ex ' = Ex cosα +Ey sinα
Ey ' = −Ex sinα +Ey cosα 	

Ex = Axe
iδ x

E y = Aye
iδ y

•  Output Stokes parameters: 

		

Ax '
2 = Ex 'Ex '

* = Ax
2cos2α + Ay

2 sin2α +2AxAy cosδ cosα sinα
Ay '
2 = Ey 'Ey '

* = Ax
2sin2α + Ay

2 cos2α −2AxAy cosδ cosα sinα
Ax 'Ay ' cosδ '=Re Ex '* Ey '( ) = (Ay2 − Ax2)sinα cosα + AxAy cosδ(cos2α − sin2α )
Ax 'Ay ' sinδ '= −Im Ex '

* Ey '( ) = AxAy sinδ

		
Q'=Qcos2α +Usin2α
U '= −Qsin2α +Ucos2α

		

c2α = cos2α
s2α = sin2α		

I '= Ax '
2 + Ay '

2

Q'= Ax '
2 − Ay '

2

U '=2 Ax 'Ay ' cosδ '
V '=2 Ax 'Ay ' sinδ '

		

Ex ' = Ax 'e
iδ x '

Ey ' = Ay 'e
iδ y '



•  Mueller matrix of a rotation: 

		

I '
Q'
U '
V '

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

=

1 0 0 0
0 c2α s2α 0
0 −s2α c2α 0
0 0 0 1

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

I
Q
U
V

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

= R(α )I 		R(−α )= R
−1(α )

•  Mueller matrix of a generic process: 

	 

E⊥
after

E
!
after = Pe

iΔ E⊥
before

E
!
before

	 

E
!
before = Ex = Axe

iδ x

E⊥
before = Ey = Aye

iδ y
		 

E
!
after = Ex ' = Ax 'e

iδ x '

E⊥
after = Ey ' = Ay 'e

iδ y '

	E⊥
after = P⊥e

iΔ⊥E⊥
before

	 
E
!
after = P

!
eiΔ!E

!
before

	
δ =δ x −δ y 		δ '=δ x ' −δ y '

	 
P =

P⊥
P
!

 
Δ = Δ⊥ − Δ!



•  Mueller matrix of a rotation: 

		 

Ax '
2 = Ex 'Ex '

* = P
!
2Ax

2

Ay '
2 = Ey 'Ey '

* = P⊥
2Ay

2

Ax 'Ay ' cosδ '=Re Ex '* Ey '( ) = P!P⊥AxAy cos(Δ−δ )
Ax 'Ay ' sinδ '= −Im Ex '

* Ey '( ) = −P!P⊥AxAy sin(Δ−δ )

		 P⊥ ,P! ,Δ⊥ ,Δ!

		 

I '= Ax '
2 + Ay '

2 = P
!
2 I 1+P2

2
⎛

⎝⎜
⎞

⎠⎟
+Q 1−P2

2
⎛

⎝⎜
⎞

⎠⎟
⎛

⎝
⎜

⎞

⎠
⎟

Q'= Ax '
2 − Ay '

2 = P
!
2 I 1−P2

2
⎛

⎝⎜
⎞

⎠⎟
+Q 1+P2

2
⎛

⎝⎜
⎞

⎠⎟
⎛

⎝
⎜

⎞

⎠
⎟

U '=2 Ax 'Ay ' cosδ ' = P!2P(UcosΔ+V sinΔ)
V '=2 Ax 'Ay ' sinδ ' = P!2P(−UsinΔ+V cosΔ)

•                     are interaction constants independent of time: 

		

Ax
2 = I +Q2
Ay
2 = I −Q2



•  Mueller matrix of a generic process (reference frames 
depend on the process): 

		 

I '
Q'
U '
V '

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

= P
!
2

1+P2
2

1−P2
2 0 0

1−P2
2

1+P2
2 0 0

0 0 PcosΔ PsinΔ
0 0 −PsinΔ PcosΔ

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥

I
Q
U
V

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

		

M(P ,Δ)=

1+P2
2

1−P2
2 0 0

1−P2
2

1+P2
2 0 0

0 0 PcosΔ PsinΔ
0 0 −PsinΔ PcosΔ

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥

•  Ignoring global transmission factors (that can otherwise be 
important): 



•  Refraction on a dielectric 
•       is contained in the incidence-reflection plane 
•        is perpendicular 
  

	 != x

	⊥= y

		
P = cos(θi −θt )
Δ =0

		

M(P ,Δ)=

1+ cos2(θi −θt )
2

1− cos2(θi −θt )
2 0 0

1− cos2(θi −θt )
2

1+ cos2(θi −θt )
2 0 0

0 0 cos(θi −θt ) 0
0 0 0 cos(θi −θt )

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

•  Small refraction angles                : 

		

M(P ,Δ)=

1 Δθ 2

2 0 0

Δθ 2

2 1 0 0

0 0 1 0
0 0 0 1

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥

	θt =θi +Δθ



•  Normal incidence on a crystal          with optics axis at 
•       is parallel to optic axis and so is  
•        is perpendicular to optic axis 
  

	 != x

	⊥= y

	
θ = π

2		θi =0

		

Δ = 2πd
λ
(no −ne )= −

2πd
λ

δ

P =1

		 ! '= x '

		

M(1,Δ)=
1 0 0 0
0 1 0 0
0 0 cosΔ sinΔ
0 0 −sinΔ cosΔ

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

=

1 0 0 0
0 1 0 0
0 0 cos(2πdλ (no −ne )) sin(2πdλ (no −ne ))
0 0 −sin(2πdλ (no −ne )) cos(2πdλ (no −ne ))

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

•  Wave plate at an angle    : 

	x
		x '		x ,x 'α

α

		Mα (1,Δ)= R(−α )M(1,Δ)R(α )



		

Mα (1,Δ)=

1 0 0 0
0 c2α

2 + s2α
2 cosΔ c2α s2α (1− cosΔ) −s2α sinΔ

0 c2α s2α (1− cosΔ) s2α
2 + c2α

2 cosΔ c2α sinΔ
0 s2α sinΔ −c2α sinΔ cosΔ

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

•  Wave plate at an angle    : 

		

c2α = cos2α
s2α = sin2α

•  Dichroism (Polaroids): 

		 
P = e−β(κ⊥−κ ! )

Δ =0 		 

β =ϖ
c
nd

κ⊥ ≫κ
"
→ P≪1

		

M(P ,0)=

1+P2
2

1−P2
2 0 0

1−P2
2

1+P2
2 0 0

0 0 P 0
0 0 0 P

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥

≈ 12

1 1 0 0
1 1 0 0
0 0 0 0
0 0 0 0

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

α



		

Mα (P ,0)=

1+P2
2 c2α

1−P2
2 s2α

1−P2
2 0

c2α
1−P2
2 c2α

2 1+P2
2 + s2α

2 P c2α s2α
1+P2
2 − s2αc2αP 0

s2α
1−P2
2 c2α s2α

1+P2
2 − s2αc2αP s2α

2 1+P2
2 + c2α

2 P 0

0 0 0 P

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

•  Partial polarizer axis at at an angle    : 

		

Mα (0,0)=
1
2

1 c2α s2α 0
c2α c2α

2 c2α s2α 0
s2α c2α s2α s2α

2 0
0 0 0 0

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

α

•  Ideal polarizer at an angle    : α



		 

M0(P ,0)M0(P ,0)=

1+P4
2

1−P4
2 0 0

1−P4
2

1+P4
2 0 0

0 0 P2 0
0 0 0 P2

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥

→ I '
!
∝ 1+P4

2
⎛

⎝⎜
⎞

⎠⎟
I

•  2 identical partial polarizer axis at at zero degrees : 

•  2 identical partial polarizer axis at at 90 degrees : 

		

Mπ
2
(P ,0)M0(P ,0)=

P2 0 0 0
0 P2 0 0
0 0 P2 0
0 0 0 P2

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

→ I '⊥ ∝P2I

		 

I '
!

I '⊥
= P2

1+P4
2

⎛
⎝⎜

⎞
⎠⎟

≈2P2→



•  Mueller matrix of a mirror reflection: 
•        parallel to incidence reflection plane 
•        perpendicular to incidence reflection plane 
	 != x

	⊥= y

		
P2 = 1

χ 2 =
f 2 + g2 +2 f sinθi tanθi + sin2θi tan2θi
f 2 + g2 −2 f sinθi tanθi + sin2θi tan2θi 		

tanΔ =
2gsinθi tanθi

sin2θi tan2θi −( f 2 + g2)

		

M(P ,Δ)=

1+P2
2

1−P2
2 0 0

1−P2
2

1+P2
2 0 0

0 0 PcosΔ PsinΔ
0 0 −PsinΔ PcosΔ

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥

•  DKIST primary and secondary off-axis configuration 
•        incidence-reflection plane of principal ray at M1 
•  Same as incidence-reflection plane of principal ray at M2 
•  Aluminum coating, treat M1 and M2 as flat mirrors 

	 != x



•                 and                 at 4000 Å: 

		

MDKIST(P ,Δ)=
1.00 -0.018 0 0
-0.018 1.00 0 0
0 0 0.984 -0.178
0 0 0.178 0.984

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

		θi
1 =28.1o 		θi

2 =23.7o

•  At 6300 Å: 

		

MDKIST(P ,Δ)=
1.00 -0.020 0 0
-0.020 1.00 0 0
0 0 0.993 -0.114
0 0 0.114 0.993

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

•  At 15000 Å (1.5 µm): 

		

MDKIST(P ,Δ)=
1.00 -0.0057 0 0

-0.0057 1.00 0 0
0 0 0.998 -0.0575
0 0 0.0575 0.998

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥ Much better in the IR 

hfp://refrac/veindex.info/	



•  Mueller matrix of on axis image forming mirrors (and lenses)  
•  At the focal plane we bring together coherent rays 
•  Rays interfere and form an image 
•  Stokes formalism cannot describe the interference process 
•  Need to use electric vectors (Jones) 

•  Symmetry along the optical axis 
•  It is not even evident where to put the        axis 
•  Polarization is all about breaking symmetries 

	 != x



•  Mueller matrix of on-axis image forming mirrors 
•  Select two small mirror sections at same radial distance and 

at 90 degrees of each other (1 & 2) 
 

	1

	2

•  Select ray hitting area 1 and 
reflected to focal plane 

•  Reflection-plane is  
 
 

	r

	r
	 != x

		x1

		y1
⊗

		x '1

		y '1
 ⊙

•  Select ray hitting area 2 and reflected to focal plane 
•  Reflection-plane is  
 
 

	 != x

		y2

		x2⊗ 		y '2

		x '2
 ⊙



•  We search for a relation at the focal plane of the type: 

		

E y '

Ex '
= Pf e

iΔ f
E y

Ex

		

Ex ' = Ex '1 +Ey '2

Ey ' = Ey '1
−Ex '2

		x '1

		y '1
 ⊙

		y '2

		x '2
 ⊙

•  Select reference frames of ray 1 for the global Mueller 
matrix 

•  Make them interfere at focus 

•  The input wavefront is homogenous making: 
 

		
Ex1 := Ex = −Ey2

Ey1
:= Ey = Ex2

		x1

		y1
⊗

		y2

		x2⊗



•  Mirror has constant properties over the surface 
•  Rays 1 and 2 are at same distance from center  		θ(r)=θi

1 =θi
2

		

P = P1 = P2
Δ = Δ1 = Δ2		

E y '1
Ex '1

= P1e
iΔ1
Ey1

Ex1
= PeiΔ

Ey

Ex

		

E y '2
Ex '2

= P2e
iΔ2
Ey2

Ex2
= −PeiΔ

Ex
E y

•  Because 1 and 2 are equivalent, we also have these 
relations between what happens in    and    : 

		

E y '1
Ey1

=
Ey '2
Ey2

→
Ey '2
Ey '1

= −
Ex
E y		

Ex '1
Ex1

=
Ex '2
Ex2

→
Ex '2
Ex '1

=
Ey

Ex

	x 	y

		
Ex1 := Ex = −Ey2

Ey1
:= Ey = Ex2



•  We search for a relation at the focal plane of the type: 

		

E y '

Ex '
= −

Ey

Ex
→ Pf =1 Δ =π

		

Ex ' = Ex '1 +Ey '2

Ey ' = Ey '1
−Ex '2

		
Ex ' = Ex '1 1+

Ey '2
Ex '1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
= Ex '1 1+

Ey '2
Ex '2

Ex '2
Ex '1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
= Ex '1 1−Pe

iΔ( )

		
E y ' = Ex '1

Ey '1
Ex '1

−
Ex '2
Ex '1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
= Ex '1 PeiΔ

Ey

Ex
−
Ex2
Ex1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
= Ex '1

Ey

Ex
PeiΔ −1( )

•  Taking the ratio: 



•  Mueller matrix of on axis image forming mirrors 
 

		

Mmirror =

1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

•  Compensation occurs from patches at 90 degrees 
•  Similarly one can prove a lens has as Muller matrix the identity 
•  This is only true on-axis, not off-axis (other points of the FOV) 
•  Effect is small but non-negligible 

		

Mlens =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥



		

MNewton(P ,Δ)=

1+P2
2

1−P2
2 0 0

1−P2
2

1+P2
2 0 0

0 0 −PcosΔ PsinΔ
0 0 −PsinΔ −PcosΔ

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥

		

MCoude(P ,Δ)=

1+P2
2

1−P2
2 0 0

1−P2
2

1+P2
2 0 0

0 0 PcosΔ PsinΔ
0 0 −PsinΔ PcosΔ

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥

		

MPrime =

1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

		

MCassegrain =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥



III.  Modern	spectropolar/meters	
hfp://adsabs.harvard.edu/abs/1999ASPC..184....3C	
	
High	Resolu/on	Spectropolarimetry	and	Magnetography	
Collados,	M	
	
hfp://adsabs.harvard.edu/abs/2000ApOpt..39.1637D	
	
Op/mum	Modula/on	and	Demodula/on	Matrices	for	Solar	Polarimetry		
del	Toro	Iniesta,	Jose	Carlos;	Collados,	Manuel	
	
hfp://adsabs.harvard.edu/abs/2008ApOpt..47.2541R	
	
Error	propaga/on	in	polarimetric	demodula/on		
Ramos,	A.	Asensio;	Collados,	M.	
	
hfp://adsabs.harvard.edu/abs/2010ApOpt..49.3580T	
	
Wavelength-diverse	polariza/on	modulators	for	Stokes	polarimetry	
Tomczyk,	Steven;	Casini,	Roberto;	de	Wijn,	Alfred	G.;	Nelson,	Peter	G.	
	
	
	
	
	



θ	

Analyzer (LP) Retarder 
		

S1 = Itrans(0,0)
S2 = Itrans(π4 ,0)
S3 = Itrans(π2 ,0)
S4 = Itrans(3π4 ,0)
S5 = Itrans(π4 , π2 )
S6 = Itrans(3π4 , π2 )

		

I = S1 + S3
Q = S1 − S3
U = S2 − S4
V = S5 − S6

	

I
Q
U
V

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

	
ε = π

2 	
θ = 0, π

4 ,
π
2 ,

3π
4

⎛

⎝
⎜

⎞

⎠
⎟

•  6 measurements for 4 parameters 
•  Measure Q, but no U or V 
•  Retarder is out and brought in for last 2 
•  Analyzer rotates into 4 angles à 

changing polarization on the detector 
 Can we do better?  

•  Operational definition of the Stokes parameters:  

CCD	



		

M0(0,0)=
1
2

1 1 0 0
1 1 0 0
0 0 0 0
0 0 0 0

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

		

Mπ
4
(0,0)= 12

1 0 1 0
0 0 0 0
1 0 1 0
0 0 0 0

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

		

Mπ
2
(0,0)= 12

1 −1 0 0
−1 1 0 0
0 0 0 0
0 0 0 0

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

		

M3π
4
(0,0)= 12

1 0 −1 0
0 0 0 0
−1 0 1 0
0 0 0 0

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

	
ε = π

2

	
θ = 0, π

4 ,
π
2 ,

3π
4

⎛

⎝
⎜

⎞

⎠
⎟

		

Mπ
4
(0,0)M0(1,

π
2)=

1
2

1 0 0 1
0 0 0 0
1 0 0 1
0 0 0 0

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

		

M3π
4
(0,0)M0(1,

π
2)=

1
2

1 0 0 −1
0 0 0 0
−1 0 0 1
0 0 0 0

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

	
θ = π

4 ,
3π
4

⎛

⎝
⎜

⎞

⎠
⎟

		

S1
S2
S3
S4
S5
S6

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

= 12

+1 +1 0 0
+1 0 +1 0
+1 −1 0 0
+1 0 −1 0
+1 0 0 +1
+1 0 0 −1

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

I
Q
U
V

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

= 12

I +Q
I +U
I −Q
I −U
I +V
I −V

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟

•  Analyzer:  

•  Analyzer + retarder:  

•  Linear combinations between Stokes and intensity measures 



		

X =

+1 +1 0 0
+1 0 +1 0
+1 −1 0 0
+1 0 −1 0
+1 0 0 +1
+1 0 0 −1

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

•  The matrix relating  measurements and Stokes is called 
modulation matrix  

•  Made of first rows of Mueller matrices, but not a Mueller 
matrix itself  

•  X is n×4, with n the number of modulation states 
•  X is always of the form (assuming transmission factors are 

the same, ideal behavior):  

		

X =

1 . . .
1 . . .
1 . . .
1 . . .
.

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥

			

X =

m1,11 . . .
m2,11 . . .
m3,11 . . .
m4,11 . . .
.

mn ,11

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

mi ,11 ≈1



		 S = XI⊙

•  Modulation matrix     , input Stokes vector      and vector of 
measured intensities (modulation states)     are related by:  

•  D is 4×n with n the number of modulation states 
•  Not unique if n≠4. 
•  D that maximizes signal-to-noise of the Stokes parameters 

and that fulfills  DX=1 (4×4 identity). 

	 I⊙	X
	S

•  The demodulation matrix is defined as:  

			 I⊙ =DS (n= 4)→ I
⊙
= X−1S

		 
I
⊙
= I Q U V⎡
⎣

⎤
⎦
T

= I1 I2 I3 I4
⎡
⎣

⎤
⎦
T

		
Ii = DijS j

j=1

n

∑
		
σ Ii

2 =
∂Ii
∂S j

⎛

⎝
⎜

⎞

⎠
⎟

2

σ S j

2

j=1

n

∑



		
σ Ii

=σ Dij
2

j=1

n

∑⎛
⎝⎜

⎞

⎠⎟

1/2

= σ
n
n Dij

2

j=1

n

∑⎛

⎝⎜
⎞

⎠⎟

1/2

= σ
ε i n

•  Error propagation gives (     is noise in each intensity  
measurement, all assumed equal):  

σ 	
S j

•  Combining n measurements reduces de error by  
•  The other factor characterizes the polarimetric scheme  

	 n

		
ε i = n Dij

2

j=1

n

∑⎛

⎝⎜
⎞

⎠⎟

−1/2

•  Polarimetric efficiencies. The larger      the smaller 
•  Define D so that efficiencies are optimized (not maximized) 
•  D is the Moore-Penrose pseudoinverse  
 
 

	ε i 	
σ Ii

			D= (XTX)−1XT

		
ε I ≤1; εQ

2 + εU
2 + εV

2 ≤1

		
εQ
max = εU

max = εV
max = 1

3
=0.577



		

X =

+1 +1 0 0
+1 0 +1 0
+1 −1 0 0
+1 0 −1 0
+1 0 0 +1
+1 0 0 −1

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

•  For our operational definition:  

		

D=

0.1667 0.1667 0.1667 0.1667 0.1667 0.1667
0.5 0 −0.5 0 0 0
0 0.5 0 −0.5 0 0
0 0 0 0 0.5 −0.5

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

•  Efficiencies: 
 
•  IBIS at DST 
•  No rotating elements 
•  Variable retarders instead 
•  Zeros in D mean frames do 

not contribute  

		
ε I εQ εU εV( ) = 1 1

3
1
3

1
3

⎛

⎝
⎜

⎞

⎠
⎟

http://comnuan.com/cmnn0100f/	



 
•  SDO/HMI 
•  Rotating elements 
•  Three waveplates 
•  Generates “pure” states            	

λ
2 ;

λ
4 ;

λ
2

	I ±Q I ±U I ±V



α	

Modulator Analyzer 

•  Rotating retarder plus analyzer:  

•  Rotating retarder plus analyzer (0, 90 degrees):  

Input	Light	

Detectors	Polariza/on	
Modulator	

+Q	beam	

-Q	beam	

Polarizing	Beam	
Splifer	



		

M
0,π2
(0,0)Mα (t )(1,Δ)=

1
2

1 ±1 0 0
±1 1 0 0
0 0 0 0
0 0 0 0

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

1 0 0 0
0 c2α (t )

2 + s2α (t )
2 cosΔ c2α (t )s2α (t )(1− cosΔ) −s2α (t ) sinΔ

0 c2α (t )s2α (t )(1− cosΔ) s2α (t )
2 + c2α (t )

2 cosΔ c2α (t ) sinΔ
0 s2α (t ) sinΔ −c2α (t ) sinΔ cosΔ

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥

•  Rotating retarder plus analyzer (0, 90 degrees):  

		 

ID
+ =M0(0,0)Mα (t )(1,Δ)I⊙ =

1
2

1 c2α (t )
2 + s2α (t )

2 cosΔ c2α (t )s2α (t )(1− cosΔ) −s2α (t ) sinΔ
1 c2α (t )

2 + s2α (t )
2 cosΔ c2α (t )s2α (t )(1− cosΔ) −s2α (t ) sinΔ

0 0 0 0
0 0 0 0

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

I
Q
U
V

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

		 

ID
+ = 12(I⊙ + c2α (t )

2 + s2α (t )
2 cosΔ⎡⎣ ⎤⎦Q⊙ + c2α (t )s2α (t )(1− cosΔ)⎡⎣ ⎤⎦U⊙ − s2α (t ) sinΔ⎡⎣ ⎤⎦V⊙)

1
1
0
0

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

		α(t)=ωt•  Rotating retarder             :  

		 
ID
+ = 12(I⊙ + (1+ cosΔ)+ cos4ωt ⋅(1− cosΔ)⎡⎣ ⎤⎦

Q
⊙

2 + sin4ωt ⋅(1− cosΔ)⎡⎣ ⎤⎦
U
⊙

2 − sin2ωt ⋅sinΔ⎡⎣ ⎤⎦V⊙)



Parameter Combination 
I 1+2+3+4+5+6+7+8 
Q 1-2-3+4+5-6-7+8 
U 1+2-3-4+5+6-7-8 
V -1-2-3-4+5+6+7+8 

1	 2	 3	 4	 5	 6	 7	 8	

•  Rotating retarder:  

•  Equal modulation amplitudes for 
•  Q has a DC component  
•  Q and U modulated at twice the frequency of V 
•  Q and U phase shift 
•  Forces 8 S measurements (n=8) 
 

		Δ =127o



		

X =

+1 +0.71 +0.51 −0.30
+1 −0.31 +0.51 −0.72
+1 −0.31 −0.51 −0.72
+1 +0.71 −0.51 −0.30
+1 +0.71 +0.51 +0.30
+1 −0.31 +0.51 +0.72
+1 −0.31 −0.51 +0.72
+1 +0.71 −0.51 +0.30

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

•  For             integrating every 8th interval:  

		

D=

0.076 0.174 0.174 0.076 0.076 0.174
0.245 −0.245 −0.245 0.245 0.245 −0.245
0.245 0.245 −0.245 −0.245 0.245 0.245
-0.123 -0.296 -0.296 -0.123 0.123 0.296

0.174
−0.245
−0.245
0.296

0.076
0.245
−0.245
0.123

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

•  Efficiencies: 
 
•  ASP, SPINOR at DST 
•  SP Hinode 
•  3 DKIST instruments (achromatic) 
•  No zeros in D (all contribute) 
•  Crystal retarders are very homogeneous 
•  Beam wobble is a concern 

		
ε I εQ εU εV( ) = 0.93 0.51 0.51 0.55( )

		Δ =127o



•  Advanced Stokes Polarimeter 





•  Variable Liquid Crystal Retarders 
•  Nematic Liquid Crystals: change 
•  Retardance changes in a continuous way   
•  Ferroelectric Liquid Crystals: change 
•  Bistable, change in orientation typically 45o 
•  Temperature sensitivity in both cases 
•  Switching times ms (nematic) to µs (ferroelectric) 
•  Driving voltages DC compensated 
•  Degrade with UV light 

		Mα (1,Δ)

		Δ = Δ(V )

		α =α(V )



Input	Light	

LCVR2	
Δ2	at	45o	
	

Fixed	linear	
polarizer/
beamsplifer	

Polariza/on	States	
Modulated	in	/me	

Polariza/on	
States	
Modulated	in	
intensity	

Detector	LCVR1		
Δ1	at	0o	

		

M0(0,0)Mπ
4
(1,Δ2)M0(1,Δ1)=

1
2

1 1 0 0
1 1 0 0
0 0 0 0
0 0 0 0

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

1 0 0 0
0 cosΔ2 0 −sinΔ2

0 0 1 0
0 sinΔ2 0 cosΔ2

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

1 0 0 0
0 1 0 0
0 0 cosΔ1 sinΔ1

0 0 −sinΔ1 cosΔ1

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

		 

ID =M0(0,0)Mπ
4
(1,Δ2)M0(1,Δ1)=

1
2

1 cosΔ2 sinΔ2sinΔ1 −sinΔ2cosΔ1

1 cosΔ2 sinΔ2sinΔ1 −sinΔ2cosΔ1

0 0 0 0
0 0 0 0

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

I
⊙

Q
⊙

U
⊙

V
⊙

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

•  One LCVR at 0o followed by another at 45o:  

		 
ID(t)=

1
2(I⊙ +Q⊙ cosΔ2(t)+U⊙ sinΔ2(t)sinΔ1(t)−V⊙ sinΔ2(t)cosΔ1(t))



•  Retardance can be (almost) any à flexible 
•  Search for only 4 states that maximize efficiencies 

		
Δ1(t1 ,t2 ,t3 ,t4 )= 315, 315, 225, 225⎡

⎣
⎤
⎦

		
Δ2(t1 ,t2 ,t3 ,t4 )= 305, 55, 125, 235,⎡

⎣
⎤
⎦

	|cosΔ2 |=|sinΔ2sinΔ1 |=|sinΔ2cosΔ1 |

•  Gives the following combinations  

		

X =

1 1
3

1
3

1
3

1 1
3

− 1
3

− 1
3

1 − 1
3

− 1
3

1
3

1 − 1
3

1
3

− 1
3

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

•  And a modulation/demodulation matrix of  

		

D=

1
4

1
4

1
4

1
4

3
4

3
4 − 3

4 − 3
4

3
4 − 3

4 − 3
4

3
4

3
4 − 3

4
3
4 − 3

4

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

		
ε I εQ εU εV( ) = 1 1

3
1
3

1
3

⎛

⎝
⎜

⎞

⎠
⎟

		 
ID(t)=

1
2(I⊙ +Q⊙ cosΔ2(t)+U⊙ sinΔ2(t)sinΔ1(t)−V⊙ sinΔ2(t)cosΔ1(t))



		
Δ1(t1 ,t2)= 360 360⎡

⎣
⎤
⎦

•  Allow for pure states too (I+V and I-V): 

		
Δ2(t1 ,t2)= 90 270⎡

⎣
⎤
⎦

•  4 measures for 4 parameters 
•  All parameters measured all the time 
•  Maximum efficiencies 
•  LCVRs switching time are finite: degrades efficiencies 
•  LCVRs are not as homogeneous as crystals 
•  FLCs are not as flexible but are faster 
•  LCVRs preferred for space applications 
•  FLCs preferred for ground based applications 
•  IMaX/SUNRISE, PHI/Solar Orbiter 
•  VTF/DKIST 







Polarimetric	calibra/on	of		Telescopes	

In the 90’s Solar Physics was designing polarization free telescopes  



		 MSVST =Mw(θexit ,δ exit )Mm(P3 ,Δ3)R(α )R(90− A)Mm(P2 ,Δ2)R(z)Mm(P1 ,Δ1)Mw(θent ,δ ent )R(−90)R(p−P⊙)

Polarimetric	calibra/on	of		Telescopes	



Non-linear least-square fits to a model  



La Palma SVST 
Mueller Matrix as a 

function of time 



Polarimetric	calibra/on	of		Telescopes	



3 polarizers, 4 positions 
each 
 
•  Linear polarizer 
•  Right circular polarizer 
•  Left circular polarizer 

•  The Mueller matrices of 
the sheet polarizers are 
known except for the two 
angles θR, θL of the fast 
axis of the circular 
polarizers relative to the 
orientation angles 

•  Except for these two 
angles, the input 
polarizations are therefore 
known 

Polarimetric	calibra/on	of		Telescopes	



Polarimetric	calibra/on	of		Telescopes	



Input	Light	

Detectors	Polariza/on	
Modulator	

+Q	beam	

-Q	beam	

Polarizing	Beam	
Splifer	

Dual	Beam	polarimetry	

•  Simplify by using I+V and I-V: 

		

S1(t1)= I +V
S1(t2)= I '−V '= I +δ I −V −δV 		

S2(t1)= I −V
S2(t2)= I '+V '= I +δ I +V +δV

		 
ID
+ = 12(I⊙ + (1+ cosΔ)+ cos4ωt ⋅(1− cosΔ)⎡⎣ ⎤⎦

Q
⊙

2 + sin4ωt ⋅(1− cosΔ)⎡⎣ ⎤⎦
U
⊙

2 − sin2ωt ⋅sinΔ⎡⎣ ⎤⎦V⊙)

		 
ID
− = 12(I⊙ − (1+ cosΔ)+ cos4ωt ⋅(1− cosΔ)⎡⎣ ⎤⎦

Q
⊙

2 − sin4ωt ⋅(1− cosΔ)⎡⎣ ⎤⎦
U
⊙

2 + sin2ωt ⋅sinΔ⎡⎣ ⎤⎦V⊙)



Dual	Beam	polarimetry	

•  Each channel gives an estimate of I and of V: 

		

S1(t1)= I +V
S1(t2)= I '−V '= I +δ I −V −δV 		

S2(t1)= I −V
S2(t2)= I '+V '= I +δ I +V +δV

		

I1 = S1(t1)+ S1(t2)=2I +δ I −δV
V1 = S1(t1)− S1(t2)=2V −δ I +δV 		

I2 = S2(t1)+ S2(t2)=2I +δ I +δV
V2 = S2(t1)− S2(t2)= −2V −δ I −δV

•  The problem are the terms        
•  If we now combine the two beam we get: 

	δ I

		

I = I1 + I2 = 4I +2δ I
V =V1 −V2 = 4V +2δV

•  Cancels       terms        
•  Drastically reduces seeing/pointing spurious signals ! 

	δ I

•  Merging directly         and         has flat field problems 
with similar outcome (not treated here): 

		S1(t1) 		S2(t1)



Single-Beam	 Dual-Beam	

Illustra4on	from	Skumanich	et	al.	1997	


